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Integer quantum Hall
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Fractional quantum Hall
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Z2 gauge theory



Chern-Simons and Fracton
L = � 1

4e2

X

I

FI
µ⌫FI,µ⌫ +

1

4⇡

X

IJ

KIJ✏
µ⌫�AI

µ@⌫AJ
�

<latexit sha1_base64="uylXR+Bmqvhw3TNFFBh5iDWvibo="></latexit>

3+1D I, J = ...� 1, 0, 1, 2, ...

<latexit sha1_base64="oCDhyFABnqI07WdkQkDtlOuKoLI=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuRksgosYklJQF0LRjbqqYC/QhjKZTtqhkwszE6GEgq/ixoUibn0Od76N08tCW38Y+PjPOZwzv59wJpXjfBu5peWV1bX8emFjc2t7x9zdq8s4FYTWSMxj0fSxpJxFtKaY4rSZCIpDn9OGP7ge1xuPVEgWRw9qmFAvxL2IBYxgpa2OeXBr3aFLZNv2qWs5lmuVLM0ds+jYzkRoEdwZFGGmasf8andjkoY0UoRjKVuukygvw0Ixwumo0E4lTTAZ4B5taYxwSKWXTc4foWPtdFEQC/0ihSbu74kMh1IOQ193hlj15XxtbP5Xa6UqOPcyFiWpohGZLgpSjlSMxlmgLhOUKD7UgIlg+lZE+lhgonRiBR2CO//lRaiXbLdsX9yXi5WrWRx5OIQjOAEXzqACN1CFGhDI4Ble4c14Ml6Md+Nj2pozZjP78EfG5w+yrpF6</latexit>



Chern-Simons and Fracton
L = � 1

4e2

X

I

FI
µ⌫FI,µ⌫ +

1

4⇡

X

IJ

KIJ✏
µ⌫�AI

µ@⌫AJ
�

<latexit sha1_base64="uylXR+Bmqvhw3TNFFBh5iDWvibo="></latexit>

3+1D

K =

0

BBBBBB@

. . .
3

3
3

. . .

1

CCCCCCA

<latexit sha1_base64="1amvqWLWM9KhWRYrhy8t+wNiqCw="></latexit>

I, J = ...� 1, 0, 1, 2, ...

<latexit sha1_base64="oCDhyFABnqI07WdkQkDtlOuKoLI=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuRksgosYklJQF0LRjbqqYC/QhjKZTtqhkwszE6GEgq/ixoUibn0Od76N08tCW38Y+PjPOZwzv59wJpXjfBu5peWV1bX8emFjc2t7x9zdq8s4FYTWSMxj0fSxpJxFtKaY4rSZCIpDn9OGP7ge1xuPVEgWRw9qmFAvxL2IBYxgpa2OeXBr3aFLZNv2qWs5lmuVLM0ds+jYzkRoEdwZFGGmasf8andjkoY0UoRjKVuukygvw0Ixwumo0E4lTTAZ4B5taYxwSKWXTc4foWPtdFEQC/0ihSbu74kMh1IOQ193hlj15XxtbP5Xa6UqOPcyFiWpohGZLgpSjlSMxlmgLhOUKD7UgIlg+lZE+lhgonRiBR2CO//lRaiXbLdsX9yXi5WrWRx5OIQjOAEXzqACN1CFGhDI4Ble4c14Ml6Md+Nj2pozZjP78EfG5w+yrpF6</latexit>

z

<latexit sha1_base64="Wud7Tk1lAE0TofbfdXT/CfC5Fa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+0hjQo=</latexit>

⌫ = 1/3

<latexit sha1_base64="4a4gZE9IzxG+HXB8s863cGbnkAQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKe5qQD0IQS8eI5gHJEuYnUySIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3Qqo4VIoXkeBkrdizWkYSN4MRndTv/nEtRGResRxzP2QDpToC0bRSs2OSm68s4tuseSW3RnIMvEyUoIMtW7xq9OLWBJyhUxSY9qeG6OfUo2CST4pdBLDY8pGdMDblioacuOns3Mn5MQqPdKPtC2FZKb+nkhpaMw4DGxnSHFoFr2p+J/XTrB/5adCxQlyxeaL+okkGJHp76QnNGcox5ZQpoW9lbAh1ZShTahgQ/AWX14mjfOyVylfP1RK1dssjjwcwTGcggeXUIV7qEEdGIzgGV7hzYmdF+fd+Zi35pxs5hD+wPn8ATgRjts=</latexit>



Chern-Simons and Fracton
L = � 1

4e2

X

I

FI
µ⌫FI,µ⌫ +

1

4⇡

X

IJ

KIJ✏
µ⌫�AI

µ@⌫AJ
�

<latexit sha1_base64="uylXR+Bmqvhw3TNFFBh5iDWvibo="></latexit>

3+1D

K =

0

BBBBBB@

. . .
3

3
3

. . .

1

CCCCCCA

<latexit sha1_base64="1amvqWLWM9KhWRYrhy8t+wNiqCw="></latexit>

• Ground state degeneracy      exponential 
in height in z

• Quasi-particles move in xy planes only –
planons

• Entanglement has a sub-leading term 
linear in height in zz
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Trivial type of Fracton
Anything more nontrivial?
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<latexit sha1_base64="4a4gZE9IzxG+HXB8s863cGbnkAQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKe5qQD0IQS8eI5gHJEuYnUySIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3Qqo4VIoXkeBkrdizWkYSN4MRndTv/nEtRGResRxzP2QDpToC0bRSs2OSm68s4tuseSW3RnIMvEyUoIMtW7xq9OLWBJyhUxSY9qeG6OfUo2CST4pdBLDY8pGdMDblioacuOns3Mn5MQqPdKPtC2FZKb+nkhpaMw4DGxnSHFoFr2p+J/XTrB/5adCxQlyxeaL+okkGJHp76QnNGcox5ZQpoW9lbAh1ZShTahgQ/AWX14mjfOyVylfP1RK1dssjjwcwTGcggeXUIV7qEEdGIzgGV7hzYmdF+fd+Zi35pxs5hD+wPn8ATgRjts=</latexit>



Tri-diagonal K matrix

Qiu, Joynt, MacDonald, 1990; Naud, Pryadko, Sondhi, 2000 

K(131) =

0

BBBBB@

3 1 1
1 3 1

. . .
. . .

. . .
1 3 1

1 1 3

1

CCCCCA

N⇥N

.

<latexit sha1_base64="O6ShC2C+yPHDFxnZbGXd/35gZss="></latexit>



Tri-diagonal K matrix

Qiu, Joynt, MacDonald, 1990; Naud, Pryadko, Sondhi, 2000 

z

<latexit sha1_base64="Wud7Tk1lAE0TofbfdXT/CfC5Fa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+0hjQo=</latexit>

⌫ = 1/5

<latexit sha1_base64="nD0bkrz3KCiIfbUgIr+T2tbgeow=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU92VFvUgFL14rGA/pF1KNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+q0nqjSL5IMZx9QXeCBZyAg2VnrsygRdI++s2iuW3LI7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmedmrlK/uK6XaTRZHHo7gGE7BgwuowR3UoQEEBDzDK7w5ynlx3p2PeWvOyWYO4Q+czx/pto8x</latexit>

Coulomb 
repulsionK(131) =

0

BBBBB@

3 1 1
1 3 1

. . .
. . .

. . .
1 3 1

1 1 3

1

CCCCCA

N⇥N

.

<latexit sha1_base64="O6ShC2C+yPHDFxnZbGXd/35gZss="></latexit>



Tri-diagonal K matrix

Qiu, Joynt, MacDonald, 1990; Naud, Pryadko, Sondhi, 2000 

z

<latexit sha1_base64="Wud7Tk1lAE0TofbfdXT/CfC5Fa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+0hjQo=</latexit>

⌫ = 1/5

<latexit sha1_base64="nD0bkrz3KCiIfbUgIr+T2tbgeow=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU92VFvUgFL14rGA/pF1KNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+q0nqjSL5IMZx9QXeCBZyAg2VnrsygRdI++s2iuW3LI7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmedmrlK/uK6XaTRZHHo7gGE7BgwuowR3UoQEEBDzDK7w5ynlx3p2PeWvOyWYO4Q+czx/pto8x</latexit>

Coulomb 
repulsion

Irrational statisticsN ! 1

<latexit sha1_base64="EJQsxqDpJprYlEvIvaAxrdVedlA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxJBfsBTSib7aZdutmE3YlQSv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e3Mbz9xbUSiHnGc8iCmAyUiwShayb8nPibEFyrCca9ccavuHGSVeDmpQI5Gr/zl9xOWxVwhk9SYruemGEyoRsEkn5b8zPCUshEd8K6lisbcBJP5zVNyZpU+iRJtSyGZq78nJjQ2ZhyHtjOmODTL3kz8z+tmGF0FE6HSDLlii0VRJon9cxYA6QvNGcqxJZRpYW8lbEg1ZWhjKtkQvOWXV0nrourVqtcPtUr9Jo+jCCdwCufgwSXU4Q4a0AQGKTzDK7w5mfPivDsfi9aCk88cwx84nz9t8JFR</latexit>

K(131) =

0

BBBBB@

3 1 1
1 3 1

. . .
. . .

. . .
1 3 1

1 1 3

1

CCCCCA

N⇥N

.

<latexit sha1_base64="O6ShC2C+yPHDFxnZbGXd/35gZss="></latexit>

✓IJ =
1p
5

 p
5� 3

2

!|I�J|

<latexit sha1_base64="JoeE8affX5FGJM5e6GmVECvn6Qk="></latexit>



Tri-diagonal K matrix

Qiu, Joynt, MacDonald, 1990; Naud, Pryadko, Sondhi, 2000 

z

<latexit sha1_base64="Wud7Tk1lAE0TofbfdXT/CfC5Fa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+0hjQo=</latexit>

⌫ = 1/5

<latexit sha1_base64="nD0bkrz3KCiIfbUgIr+T2tbgeow=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU92VFvUgFL14rGA/pF1KNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+q0nqjSL5IMZx9QXeCBZyAg2VnrsygRdI++s2iuW3LI7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmedmrlK/uK6XaTRZHHo7gGE7BgwuowR3UoQEEBDzDK7w5ynlx3p2PeWvOyWYO4Q+czx/pto8x</latexit>

Coulomb 
repulsion

Irrational statisticsN ! 1

<latexit sha1_base64="EJQsxqDpJprYlEvIvaAxrdVedlA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxJBfsBTSib7aZdutmE3YlQSv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e3Mbz9xbUSiHnGc8iCmAyUiwShayb8nPibEFyrCca9ccavuHGSVeDmpQI5Gr/zl9xOWxVwhk9SYruemGEyoRsEkn5b8zPCUshEd8K6lisbcBJP5zVNyZpU+iRJtSyGZq78nJjQ2ZhyHtjOmODTL3kz8z+tmGF0FE6HSDLlii0VRJon9cxYA6QvNGcqxJZRpYW8lbEg1ZWhjKtkQvOWXV0nrourVqtcPtUr9Jo+jCCdwCufgwSXU4Q4a0AQGKTzDK7w5mfPivDsfi9aCk88cwx84nz9t8JFR</latexit>

Ground state degeneracy

(3 +
p
5)N + (3�

p
5)N � 2(�1)N

⇠ (3 +
p
5)N

<latexit sha1_base64="vaVWSdFm5nx0u8f/3if5/Q624Aw=">AAACJHicbVDLSgMxFM34rONr1KWbYBEqpWWmrai4KbpxJRXsAzq1ZNK0Dc1kxiQjlKEf48ZfcePCBy7c+C2mj0UfHgg5Ofdcbu7xQkalsu0fY2l5ZXVtPbFhbm5t7+xae/sVGUQCkzIOWCBqHpKEUU7KiipGaqEgyPcYqXq962G9+kSEpAG/V/2QNHzU4bRNMVJaalqXqXzalY9CxaeDk4fbdCqfmXpmcqmMo2/XNV1JfThrblpJO2uPABeJMyFJMEGpaX26rQBHPuEKMyRl3bFD1YiRUBQzMjDdSJIQ4R7qkLqmHPlENuLRkgN4rJUWbAdCH67gSJ3uiJEvZd/3tNNHqivna0Pxv1o9Uu3zRkx5GCnC8XhQO2JQBXCYGGxRQbBifU0QFlT/FeIuEggrnaupQ3DmV14klVzWKWQv7grJ4tUkjgQ4BEcgBRxwBorgBpRAGWDwDF7BO/gwXow348v4HluXjEnPAZiB8fsHLg+hfQ==</latexit>

K(131) =

0

BBBBB@

3 1 1
1 3 1

. . .
. . .

. . .
1 3 1

1 1 3

1

CCCCCA

N⇥N

.

<latexit sha1_base64="O6ShC2C+yPHDFxnZbGXd/35gZss="></latexit>

✓IJ =
1p
5

 p
5� 3

2

!|I�J|

<latexit sha1_base64="JoeE8affX5FGJM5e6GmVECvn6Qk="></latexit>



Tri-diagonal K matrix

Qiu, Joynt, MacDonald, 1990; Naud, Pryadko, Sondhi, 2000 

z

<latexit sha1_base64="Wud7Tk1lAE0TofbfdXT/CfC5Fa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+0hjQo=</latexit>

⌫ = 1/5

<latexit sha1_base64="nD0bkrz3KCiIfbUgIr+T2tbgeow=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU92VFvUgFL14rGA/pF1KNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+q0nqjSL5IMZx9QXeCBZyAg2VnrsygRdI++s2iuW3LI7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmedmrlK/uK6XaTRZHHo7gGE7BgwuowR3UoQEEBDzDK7w5ynlx3p2PeWvOyWYO4Q+czx/pto8x</latexit>

Coulomb 
repulsion

Irrational statisticsN ! 1

<latexit sha1_base64="EJQsxqDpJprYlEvIvaAxrdVedlA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxJBfsBTSib7aZdutmE3YlQSv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWibJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e3Mbz9xbUSiHnGc8iCmAyUiwShayb8nPibEFyrCca9ccavuHGSVeDmpQI5Gr/zl9xOWxVwhk9SYruemGEyoRsEkn5b8zPCUshEd8K6lisbcBJP5zVNyZpU+iRJtSyGZq78nJjQ2ZhyHtjOmODTL3kz8z+tmGF0FE6HSDLlii0VRJon9cxYA6QvNGcqxJZRpYW8lbEg1ZWhjKtkQvOWXV0nrourVqtcPtUr9Jo+jCCdwCufgwSXU4Q4a0AQGKTzDK7w5mfPivDsfi9aCk88cwx84nz9t8JFR</latexit>

Ground state degeneracy

(3 +
p
5)N + (3�

p
5)N � 2(�1)N

⇠ (3 +
p
5)N

<latexit sha1_base64="vaVWSdFm5nx0u8f/3if5/Q624Aw=">AAACJHicbVDLSgMxFM34rONr1KWbYBEqpWWmrai4KbpxJRXsAzq1ZNK0Dc1kxiQjlKEf48ZfcePCBy7c+C2mj0UfHgg5Ofdcbu7xQkalsu0fY2l5ZXVtPbFhbm5t7+xae/sVGUQCkzIOWCBqHpKEUU7KiipGaqEgyPcYqXq962G9+kSEpAG/V/2QNHzU4bRNMVJaalqXqXzalY9CxaeDk4fbdCqfmXpmcqmMo2/XNV1JfThrblpJO2uPABeJMyFJMEGpaX26rQBHPuEKMyRl3bFD1YiRUBQzMjDdSJIQ4R7qkLqmHPlENuLRkgN4rJUWbAdCH67gSJ3uiJEvZd/3tNNHqivna0Pxv1o9Uu3zRkx5GCnC8XhQO2JQBXCYGGxRQbBifU0QFlT/FeIuEggrnaupQ3DmV14klVzWKWQv7grJ4tUkjgQ4BEcgBRxwBorgBpRAGWDwDF7BO/gwXow348v4HluXjEnPAZiB8fsHLg+hfQ==</latexit>

Planon Fusion 
group

GN = ZFN ⇥ Z5FN

<latexit sha1_base64="DCECandXsOUcZGMA1m6BS8elrF0=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVROpqAuhKKirUsE+sAlhMp20QycPZiZCCfkMN/6KGxeKuO3Ov3HSZmFbD1w4nHMv997jRowKaRg/WmFpeWV1rbhe2tjc2t7Rd/daIow5Jk0cspB3XCQIowFpSioZ6UScIN9lpO0ObzK//Uy4oGHwKEcRsX3UD6hHMZJKcvSTO6cOr6DlIzlw3eQpdZJbp55CS1KfiBn9LDMcvWxUjAngIjFzUgY5Go4+tnohjn0SSMyQEF3TiKSdIC4pZiQtWbEgEcJD1CddRQOk1trJ5LEUHimlB72QqwoknKh/JxLkCzHyXdWZHSrmvUz8z+vG0ruwExpEsSQBni7yYgZlCLOUYI9ygiUbKYIwp+pWiAeIIyxVliUVgjn/8iJpnVbMauXyoVquXedxFMEBOATHwATnoAbuQQM0AQYv4A18gE/tVXvXvrTvaWtBy2f2wQy08S/ld5+9</latexit>

FN

<latexit sha1_base64="OKWq9rpWEKPogYcKPeDdAbSC12Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FBfEkEc0DkiXMTibJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go+up33zi2ohIPeI45n5IB0r0BaNopYeb7l23WHLL7gxkmXgZKUGGWrf41elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2akTcmKVHulH2pZCMlN/T6Q0NGYcBrYzpDg0i95U/M9rJ9i/8FOh4gS5YvNF/UQSjMj0b9ITmjOUY0so08LeStiQasrQplOwIXiLLy+TxlnZq5Qv7yul6lUWRx6O4BhOwYNzqMIt1KAODAbwDK/w5kjnxXl3PuatOSebOYQ/cD5/AO9JjZc=</latexit>

Nth number in the Fibonacci 
sequence

K(131) =

0

BBBBB@

3 1 1
1 3 1

. . .
. . .

. . .
1 3 1

1 1 3

1

CCCCCA

N⇥N

.

<latexit sha1_base64="O6ShC2C+yPHDFxnZbGXd/35gZss="></latexit>

✓IJ =
1p
5

 p
5� 3

2

!|I�J|

<latexit sha1_base64="JoeE8affX5FGJM5e6GmVECvn6Qk="></latexit>



Compare to X-cube
X
X

X
XX X

X X
XX

X X Z

Z
Z Z Z Z

Z
Z

Z
Z

Z

Z
H = �

X

c
<latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit><latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit><latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit><latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit>

�
X

v
<latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit>

�
X

v
<latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit>

�
X

v
<latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit>

X

<latexit sha1_base64="Hnq+y2+zbGfbsLrmmAzRcIfDEPU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmp1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALmZjOg=</latexit>

X

<latexit sha1_base64="Hnq+y2+zbGfbsLrmmAzRcIfDEPU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmp1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALmZjOg=</latexit>

Z

<latexit sha1_base64="n/22/hiwJyYGOn+Zk3q1PItddm8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwwWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81jem3GCfkQHkoecUWOl+kOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A7yhjOo=</latexit>
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Compare to X-cube
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X

c
<latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit><latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit><latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit><latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit>

�
X

v
<latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit>

�
X

v
<latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit>

�
X

v
<latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit>

X

<latexit sha1_base64="Hnq+y2+zbGfbsLrmmAzRcIfDEPU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmp1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALmZjOg=</latexit>

X

<latexit sha1_base64="Hnq+y2+zbGfbsLrmmAzRcIfDEPU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmp1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALmZjOg=</latexit>

Z

<latexit sha1_base64="n/22/hiwJyYGOn+Zk3q1PItddm8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwwWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81jem3GCfkQHkoecUWOl+kOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A7yhjOo=</latexit>

Planon Fusion 
group

GN =
�
ZX
2

�N�1 ⇥
�
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2

�N�1

<latexit sha1_base64="pP2O8UBgv+nGK49bmouNp2KpmGc="></latexit>
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Compare to X-cube
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X

c
<latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit><latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit><latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit><latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit>

�
X

v
<latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit>

�
X

v
<latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit>

�
X

v
<latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit>

Planon Fusion 
group

GN =
�
ZX
2

�N�1 ⇥
�
ZZ
2

�N�1

<latexit sha1_base64="pP2O8UBgv+nGK49bmouNp2KpmGc="></latexit>

Statistics ✓Xi�1/2,Zi = ✓Zi,Xi+1/2
= ⇡

<latexit sha1_base64="9Ko+0LNd6Uz8T97jIihzZrG4YRk=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIgrXOlIq6EIpuXFawF2zLkEnTNjRzITkjlKFP4sZXceNCEcGVvo2Z6QhaPRD483/nkJzfCQRXYJqfRmZufmFxKbucW1ldW9/Ib241lB9KyurUF75sOUQxwT1WBw6CtQLJiOsI1nRGlzFv3jGpuO/dwDhgXZcMPN7nlIC27PxxB4YMiB217IgfWkflSfHW5hN8jr+BvhZjeBDDBATczhfMkpkU/iusVBRQWjU7/97p+TR0mQdUEKXalhlANyISOBVskuuEigWEjsiAtbX0iMtUN0rWm+A97fRw35f6eIAT9+dERFylxq6jO10CQzXLYvM/1g6hf9qNuBeEwDw6fagfCgw+jrPCPS4ZBTHWglDJ9V8xHRJJKOhEczoEa3blv6JRLlmV0tl1pVC9SOPIoh20i/aRhU5QFV2hGqojiu7RI3pGL8aD8WS8Gm/T1oyRzmyjX2V8fAF2AKDS</latexit>

X

<latexit sha1_base64="Hnq+y2+zbGfbsLrmmAzRcIfDEPU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmp1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALmZjOg=</latexit>

X

<latexit sha1_base64="Hnq+y2+zbGfbsLrmmAzRcIfDEPU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmp1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALmZjOg=</latexit>

Z

<latexit sha1_base64="n/22/hiwJyYGOn+Zk3q1PItddm8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwwWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81jem3GCfkQHkoecUWOl+kOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A7yhjOo=</latexit>
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Compare to X-cube
X
X

X
XX X

X X
XX

X X Z

Z
Z Z Z Z

Z
Z

Z
Z

Z

Z
H = �

X

c
<latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit><latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit><latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit><latexit sha1_base64="g1T+2cwPDQImszRU9Tar9E+wd6g=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuhGKLrpsoK9wHQomTTThuYyJGeEUvoYblwo4tancefbmLaz0NYfAh//OYec88ep4BZ8/9srrK1vbG4Vt0s7u3v7B+XDo5bVmaGsSbXQphMTywRXrAkcBOukhhEZC9aOR/ezevuJGcu1eoRxyiJJBoonnBJwVljHt/iiazPZo71yxa/6c+FVCHKooFyNXvmr29c0k0wBFcTaMPBTiCbEAKeCTUvdzLKU0BEZsNChIpLZaDJfeYrPnNPHiTbuKcBz9/fEhEhrxzJ2nZLA0C7XZuZ/tTCD5CaacJVmwBRdfJRkAoPGs/txnxtGQYwdEGq42xXTITGEgkup5EIIlk9ehdZlNXD8cFWp3eVxFNEJOkXnKEDXqIbqqIGaiCKNntErevPAe/HevY9Fa8HLZ47RH3mfP9UBkE0=</latexit>

�
X

v
<latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit>

�
X

v
<latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit>

�
X

v
<latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit><latexit sha1_base64="psKHu38v97mILsmgvtYOrE+8elk=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXiy7Iuix6MVjBfsB7VKyabYNTbJLMlsopT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b29tfWNza7uwU9zd2z84LB0dN2ySGcbrLJGJaUXUcik0r6NAyVup4VRFkjej4f2s3hxxY0Win3Cc8lDRvhaxYBSd1bzs2Ex1R91S2a/4c5FVCHIoQ65at/TV6SUsU1wjk9TaduCnGE6oQcEknxY7meUpZUPa522Hmipuw8l83Sk5d06PxIlxTyOZu78nJlRZO1aR61QUB3a5NjP/q7UzjG/DidBphlyzxUdxJgkmZHY76QnDGcqxA8qMcLsSNqCGMnQJFV0IwfLJq9C4qgSOH6/L1bs8jgKcwhlcQAA3UIUHqEEdGAzhGV7hzUu9F+/d+1i0rnn5zAn8kff5Ayymj3M=</latexit>

Planon Fusion 
group

GN =
�
ZX
2

�N�1 ⇥
�
ZZ
2

�N�1

<latexit sha1_base64="pP2O8UBgv+nGK49bmouNp2KpmGc="></latexit>

Statistics ✓Xi�1/2,Zi = ✓Zi,Xi+1/2
= ⇡

<latexit sha1_base64="9Ko+0LNd6Uz8T97jIihzZrG4YRk=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIgrXOlIq6EIpuXFawF2zLkEnTNjRzITkjlKFP4sZXceNCEcGVvo2Z6QhaPRD483/nkJzfCQRXYJqfRmZufmFxKbucW1ldW9/Ib241lB9KyurUF75sOUQxwT1WBw6CtQLJiOsI1nRGlzFv3jGpuO/dwDhgXZcMPN7nlIC27PxxB4YMiB217IgfWkflSfHW5hN8jr+BvhZjeBDDBATczhfMkpkU/iusVBRQWjU7/97p+TR0mQdUEKXalhlANyISOBVskuuEigWEjsiAtbX0iMtUN0rWm+A97fRw35f6eIAT9+dERFylxq6jO10CQzXLYvM/1g6hf9qNuBeEwDw6fagfCgw+jrPCPS4ZBTHWglDJ9V8xHRJJKOhEczoEa3blv6JRLlmV0tl1pVC9SOPIoh20i/aRhU5QFV2hGqojiu7RI3pGL8aD8WS8Gm/T1oyRzmyjX2V8fAF2AKDS</latexit>

Ground state degeneracy

X

<latexit sha1_base64="Hnq+y2+zbGfbsLrmmAzRcIfDEPU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmp1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALmZjOg=</latexit>

X

<latexit sha1_base64="Hnq+y2+zbGfbsLrmmAzRcIfDEPU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmp1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALmZjOg=</latexit>

Z

<latexit sha1_base64="n/22/hiwJyYGOn+Zk3q1PItddm8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwwWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81jem3GCfkQHkoecUWOl+kOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A7yhjOo=</latexit>

Vijay, Haah, Fu, 16

⇠ 22N

<latexit sha1_base64="6a2DsnkHVqIyOd487ziSXJpFg4A=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyWgnorevEkFewHbNeSTbNtaLJZklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsB1v53C2vrG5lZxu7Szu7d/UD48ahuVaspaVAmluyExTPCYtYCDYN1EMyJDwTrh+Gbmd56YNlzFDzBJWCDJMOYRpwSs5PcMl7j2mNXupv1yxa26c+BV4uWkgnI0++Wv3kDRVLIYqCDG+J6bQJARDZwKNi31UsMSQsdkyHxLYyKZCbL5yVN8ZpUBjpS2FQOeq78nMiKNmcjQdkoCI7PszcT/PD+F6DLIeJykwGK6WBSlAoPCs//xgGtGQUwsIVRzeyumI6IJBZtSyYbgLb+8Stq1qlevXt3XK43rPI4iOkGn6Bx56AI10C1qohaiSKFn9IreHHBenHfnY9FacPKZY/QHzucPe9OQwQ==</latexit>



Compare to X-cube

Smooth 
deformation

Lx × Ly × (Lz+1)Lx × Ly × Lz

2D TC

Shirley, Slagle, Wang, Chen, 18

Foliation



Compare to X-cube

Smooth 
deformation

Lx × Ly × (Lz+1)Lx × Ly × Lz

2D TC

• Exact exponential scaling of ground state degeneracy
• Finite order of planons
• Short range (no tail) statistics
• K(131) is not foliated

Foliation

Shirley, Slagle, Wang, Chen, 18



Foliated K matrix

Shirley, Slagle, Chen, arXiv:1907.09048



Foliated K matrix

K(131) =

0

BBBBBBBB@

3 1 1
1 3 1

1 3 1
1 3 1

1 3 1
1 3 1

1 1 3

1

CCCCCCCCA

<latexit sha1_base64="vUvK2pXJievgrXlsvt3RjiKcAHE="></latexit>

K(131)�1 =
1

65

0

BBBBBBBB@

29 �11 4 �1 �1 4 �11
�11 29 �11 4 �1 �1 4
4 �11 29 �11 4 �1 �1
�1 4 �11 29 �11 4 �1
�1 �1 4 �11 29 �11 4
4 �1 �1 4 �11 29 �11

�11 4 �1 �1 54 �11 29

1

CCCCCCCCA

<latexit sha1_base64="3TarZGvzS01lJS6fI/jZVhtXHNE="></latexit>

Shirley, Slagle, Chen, arXiv:1907.09048



Foliated K matrix

Shirley, Slagle, Chen, arXiv:1907.09048



Foliated K matrix

Smooth 
deformation

Lx × Ly × (Lz+1) Lx × Ly × Lz

Z2 x Z2 gauge 
theory

Shirley, Slagle, Chen, arXiv:1907.09048



Foliated K matrix

Smooth 
deformation

Lx × Ly × (Lz+1) Lx × Ly × Lz

Z2 x Z2 gauge 
theory

Shirley, Slagle, Chen, arXiv:1907.09048

Twisted



∞-d K matrix and Fracton



∞-d K matrix and Fracton
§ Beyond exactly solvable models 



∞-d K matrix and Fracton
§ Beyond exactly solvable models 
§ For foliated models
• Identify examples
• Calculate properties
• Study equivalence up to foliation using K matrix 

formulation



∞-d K matrix and Fracton
§ Beyond exactly solvable models 
§ For foliated models
• Identify examples
• Calculate properties
• Study equivalence up to foliation using K matrix 

formulation

§ For non-foliated models
• Identify examples
• Calculate properties
• How to interpret their structure?



But first
Question:
• Do they represent local 3D model?

• Are they gapped or gapless?

• form of string operator



But first
Question:
• Do they represent local 3D model?

• Are they gapped or gapless?

• form of string operator

Answer:
• In terms of Laughlin wave function (Qiu, Joynt, MacDonald, 1990; 
Naud, Pryadko, Sondhi, 2000) 



But first
Question:
• Do they represent local 3D model?

• Are they gapped or gapless?

• form of string operator

Answer:
• In terms of Laughlin wave function (Qiu, Joynt, MacDonald, 1990; 
Naud, Pryadko, Sondhi, 2000) 

• For quasi-diagonal K matrix
• Lattice realization
• String operator
• Spectrum (field theory calculation)



Lattice realization
1

2

3

4

5

IQH

6

7

A1

<latexit sha1_base64="MEVc6DxcEcjV8nPMn3Kw34b85C8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL1FvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOl+6tHr1ssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/wUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwaZ2WvUr68q5Sq11kceTiCYzgFD86hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBujKNdA==</latexit>

A2

<latexit sha1_base64="Gj4k0R81R9ZsyjoBWFU9YxW3pj8=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0QUG9RLx4jmgcka5id9CZDZmeXmVkhhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm7mt/PbO7t5+4eCwoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzdRvPqHSPJYPZpSgH9G+5CFn1Fjp/uqx3C0U3ZI7A1kmXkaKkKHWLXx1ejFLI5SGCap123MT44+pMpwJnOQ7qcaEsiHtY9tSSSPU/nh26oScWqVHwljZkobM1N8TYxppPYoC2xlRM9CL3lT8z2unJrzwx1wmqUHJ5ovCVBATk+nfpMcVMiNGllCmuL2VsAFVlBmbTt6G4C2+vEwa5ZJXKV3eVYrV6yyOHBzDCZyBB+dQhVuoQR0Y9OEZXuHNEc6L8+58zFtXnGzmCP7A+fwBu7aNdQ==</latexit>

A3

<latexit sha1_base64="PDzdvY3aJPpvKOEJeFDpUD+Fyvo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQL1FvXiMaB6QrGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJbCoOt+Obml5ZXVtfx6YWNza3unuLvXMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMrqd+85FrIyJ1j+OY+yEdKNEXjKKV7i4fTrvFklt2ZyB/iZeREmSodYufnV7EkpArZJIa0/bcGP2UahRM8kmhkxgeUzaiA962VNGQGz+dnTohR1bpkX6kbSkkM/XnREpDY8ZhYDtDikOz6E3F/7x2gv1zPxUqTpArNl/UTyTBiEz/Jj2hOUM5toQyLeythA2ppgxtOgUbgrf48l/SOCl7lfLFbaVUvcriyMMBHMIxeHAGVbiBGtSBwQCe4AVeHek8O2/O+7w152Qz+/ALzsc3vTqNdg==</latexit>

• Stack of IQH
• Coupled to planar U(1) 

symmetries
• Gauge the U(1) symmetries



Lattice realization
1

2

3

4

5

IQH

6

7

A1

<latexit sha1_base64="MEVc6DxcEcjV8nPMn3Kw34b85C8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL1FvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOl+6tHr1ssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/wUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwaZ2WvUr68q5Sq11kceTiCYzgFD86hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBujKNdA==</latexit>

A2

<latexit sha1_base64="Gj4k0R81R9ZsyjoBWFU9YxW3pj8=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0QUG9RLx4jmgcka5id9CZDZmeXmVkhhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm7mt/PbO7t5+4eCwoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzdRvPqHSPJYPZpSgH9G+5CFn1Fjp/uqx3C0U3ZI7A1kmXkaKkKHWLXx1ejFLI5SGCap123MT44+pMpwJnOQ7qcaEsiHtY9tSSSPU/nh26oScWqVHwljZkobM1N8TYxppPYoC2xlRM9CL3lT8z2unJrzwx1wmqUHJ5ovCVBATk+nfpMcVMiNGllCmuL2VsAFVlBmbTt6G4C2+vEwa5ZJXKV3eVYrV6yyOHBzDCZyBB+dQhVuoQR0Y9OEZXuHNEc6L8+58zFtXnGzmCP7A+fwBu7aNdQ==</latexit>

A3

<latexit sha1_base64="PDzdvY3aJPpvKOEJeFDpUD+Fyvo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQL1FvXiMaB6QrGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJbCoOt+Obml5ZXVtfx6YWNza3unuLvXMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMrqd+85FrIyJ1j+OY+yEdKNEXjKKV7i4fTrvFklt2ZyB/iZeREmSodYufnV7EkpArZJIa0/bcGP2UahRM8kmhkxgeUzaiA962VNGQGz+dnTohR1bpkX6kbSkkM/XnREpDY8ZhYDtDikOz6E3F/7x2gv1zPxUqTpArNl/UTyTBiEz/Jj2hOUM5toQyLeythA2ppgxtOgUbgrf48l/SOCl7lfLFbaVUvcriyMMBHMIxeHAGVbiBGtSBwQCe4AVeHek8O2/O+7w152Qz+/ALzsc3vTqNdg==</latexit>

• Stack of IQH
• Coupled to planar U(1) 

symmetries
• Gauge the U(1) symmetries

L =
1

4⇡

X

l

✏µ⌫�alµ@⌫a
l
�+

1

2⇡

X

il

Cil✏µ⌫�Ai
µ@⌫a

l
�

<latexit sha1_base64="7ucDloqPNg5FikLC2k/Bf7HjswM="></latexit>



Lattice realization
1

2

3

4

5

IQH

6

7

A1

<latexit sha1_base64="MEVc6DxcEcjV8nPMn3Kw34b85C8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL1FvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOl+6tHr1ssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/wUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwaZ2WvUr68q5Sq11kceTiCYzgFD86hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBujKNdA==</latexit>

A2

<latexit sha1_base64="Gj4k0R81R9ZsyjoBWFU9YxW3pj8=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0QUG9RLx4jmgcka5id9CZDZmeXmVkhhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm7mt/PbO7t5+4eCwoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzdRvPqHSPJYPZpSgH9G+5CFn1Fjp/uqx3C0U3ZI7A1kmXkaKkKHWLXx1ejFLI5SGCap123MT44+pMpwJnOQ7qcaEsiHtY9tSSSPU/nh26oScWqVHwljZkobM1N8TYxppPYoC2xlRM9CL3lT8z2unJrzwx1wmqUHJ5ovCVBATk+nfpMcVMiNGllCmuL2VsAFVlBmbTt6G4C2+vEwa5ZJXKV3eVYrV6yyOHBzDCZyBB+dQhVuoQR0Y9OEZXuHNEc6L8+58zFtXnGzmCP7A+fwBu7aNdQ==</latexit>

A3

<latexit sha1_base64="PDzdvY3aJPpvKOEJeFDpUD+Fyvo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQL1FvXiMaB6QrGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJbCoOt+Obml5ZXVtfx6YWNza3unuLvXMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMrqd+85FrIyJ1j+OY+yEdKNEXjKKV7i4fTrvFklt2ZyB/iZeREmSodYufnV7EkpArZJIa0/bcGP2UahRM8kmhkxgeUzaiA962VNGQGz+dnTohR1bpkX6kbSkkM/XnREpDY8ZhYDtDikOz6E3F/7x2gv1zPxUqTpArNl/UTyTBiEz/Jj2hOUM5toQyLeythA2ppgxtOgUbgrf48l/SOCl7lfLFbaVUvcriyMMBHMIxeHAGVbiBGtSBwQCe4AVeHek8O2/O+7w152Qz+/ALzsc3vTqNdg==</latexit>

• Stack of IQH
• Coupled to planar U(1) 

symmetries
• Gauge the U(1) symmetries

• Integrate out the fermions

L =
1

4⇡

X

l

✏µ⌫�alµ@⌫a
l
�+

1

2⇡

X

il

Cil✏µ⌫�Ai
µ@⌫a

l
�

<latexit sha1_base64="7ucDloqPNg5FikLC2k/Bf7HjswM="></latexit>



Lattice realization
1

2

3

4

5

IQH

6

7

A1

<latexit sha1_base64="MEVc6DxcEcjV8nPMn3Kw34b85C8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL1FvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOl+6tHr1ssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/wUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwaZ2WvUr68q5Sq11kceTiCYzgFD86hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBujKNdA==</latexit>

A2

<latexit sha1_base64="Gj4k0R81R9ZsyjoBWFU9YxW3pj8=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0QUG9RLx4jmgcka5id9CZDZmeXmVkhhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm7mt/PbO7t5+4eCwoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzdRvPqHSPJYPZpSgH9G+5CFn1Fjp/uqx3C0U3ZI7A1kmXkaKkKHWLXx1ejFLI5SGCap123MT44+pMpwJnOQ7qcaEsiHtY9tSSSPU/nh26oScWqVHwljZkobM1N8TYxppPYoC2xlRM9CL3lT8z2unJrzwx1wmqUHJ5ovCVBATk+nfpMcVMiNGllCmuL2VsAFVlBmbTt6G4C2+vEwa5ZJXKV3eVYrV6yyOHBzDCZyBB+dQhVuoQR0Y9OEZXuHNEc6L8+58zFtXnGzmCP7A+fwBu7aNdQ==</latexit>

A3

<latexit sha1_base64="PDzdvY3aJPpvKOEJeFDpUD+Fyvo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQL1FvXiMaB6QrGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJbCoOt+Obml5ZXVtfx6YWNza3unuLvXMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMrqd+85FrIyJ1j+OY+yEdKNEXjKKV7i4fTrvFklt2ZyB/iZeREmSodYufnV7EkpArZJIa0/bcGP2UahRM8kmhkxgeUzaiA962VNGQGz+dnTohR1bpkX6kbSkkM/XnREpDY8ZhYDtDikOz6E3F/7x2gv1zPxUqTpArNl/UTyTBiEz/Jj2hOUM5toQyLeythA2ppgxtOgUbgrf48l/SOCl7lfLFbaVUvcriyMMBHMIxeHAGVbiBGtSBwQCe4AVeHek8O2/O+7w152Qz+/ALzsc3vTqNdg==</latexit>
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<latexit sha1_base64="gypfqSKWdiUFK5wGBjvFfMPDzHE="></latexit>

Fermion hopping Gauge symmetry
Qi

r = (r ·E)ir �
X

l

Cilc†l,rcl,r

<latexit sha1_base64="TwsN3DoNsevP8DloPGrwz8dYwVM="></latexit>

• Stack of IQH
• Coupled to planar U(1) 

symmetries
• Gauge the U(1) symmetries

• Integrate out the fermions

L =
1

4⇡

X

l

✏µ⌫�alµ@⌫a
l
�+

1

2⇡

X

il

Cil✏µ⌫�Ai
µ@⌫a

l
�

<latexit sha1_base64="7ucDloqPNg5FikLC2k/Bf7HjswM="></latexit>



String operator

fermions

Lattice gauge fields



String operator

fermions

Lattice gauge fields

In terms of CS gauge field

In terms of lattice DOF?
Wi = ei

R
dlAi

<latexit sha1_base64="9AORY+5MtSItZifYZFmkG17wEEA=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyWRgnUhVNy4rGAf0MYwmUzaoZNJmJkIJeQf3Pgrblwo4taNO//GSRtEWw8MHM65lzn3eDGjUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSgUkbRywSPQ9JwignbUUVI71YEBR6jHS98VXud++JkDTit2oSEydEQ04DipHSkmueDEKkRhixtJu5FF5AcpfSAeUK+gz+eJfay1yzatWsKeAisQtSBQVarvk58COchIQrzJCUfduKlZMioShmJKsMEklihMdoSPqachQS6aTTmzJ4pBUfBpHQT6eZqr83UhRKOQk9PZmnlPNeLv7n9RMVNJyU8jhRhOPZR0HCoIpgXhD0qSBYsYkmCAuqs0I8QgJhpWus6BLs+ZMXSee0Ztdr5zf1arNR1FEGB+AQHAMbnIEmuAYt0AYYPIAn8AJejUfj2Xgz3mejJaPY2Qd/YHx8A+h9ni0=</latexit>



String operator
Charge vector (1,0,0,…)



String operator

eiA

<latexit sha1_base64="gu5MZak0Xpnpzx97DtGrtYX/URs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKexKwHiLePEYwTwgWcPspJOMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7wpgzbTzv28mtrW9sbuW3Czu7e/sHxcOjppaJotigkkvVDolGzgQ2DDMc27FCEoUcW+H4Zua3nlBpJsW9mcQYRGQo2IBRYqzUxIeUXU97xZJX9uZwV4mfkRJkqPeKX92+pEmEwlBOtO74XmyClCjDKMdpoZtojAkdkyF2LBUkQh2k82un7plV+u5AKlvCuHP190RKIq0nUWg7I2JGetmbif95ncQMqkHKRJwYFHSxaJBw10h39rrbZwqp4RNLCFXM3urSEVGEGhtQwYbgL7+8SpoXZb9SvrqrlGrVLI48nMApnIMPl1CDW6hDAyg8wjO8wpsjnRfn3flYtOacbOYY/sD5/AGRBI8d</latexit>

Charge vector (1,0,0,…)

In terms of lattice DOF
• creates gauge charge in 

one layer
eiAeiA...eiA

<latexit sha1_base64="Zlj2yacox03QUXumFoa2KUiC8rc=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFcBUSKVh3FTcuK9gLtLFMppN26GQSZiZCCQVfxY0LRdz6HO58G6dNFtp6YIaP/z+HOfMHCWdKu+63tbK6tr6xWdoqb+/s7u3bB4ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQfjm5nffqRSsVjc60lC/QgPBQsZwdpIffuYPmTseprfjuPk0LcrruPOCy2DV0AFimr07a/eICZpRIUmHCvV9dxE+xmWmhFOp+VeqmiCyRgPadegwBFVfjZff4rOjDJAYSzNERrN1d8TGY6UmkSB6YywHqlFbyb+53VTHdb8jIkk1VSQ/KEw5UjHaJYFGjBJieYTA5hIZnZFZIQlJtokVjYheItfXobWheNVnau7aqVeK+IowQmcwjl4cAl1uIUGNIFABs/wCm/Wk/VivVsfeeuKVcwcwZ+yPn8AkVSVOA==</latexit>



String operator

eiA

<latexit sha1_base64="gu5MZak0Xpnpzx97DtGrtYX/URs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKexKwHiLePEYwTwgWcPspJOMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7wpgzbTzv28mtrW9sbuW3Czu7e/sHxcOjppaJotigkkvVDolGzgQ2DDMc27FCEoUcW+H4Zua3nlBpJsW9mcQYRGQo2IBRYqzUxIeUXU97xZJX9uZwV4mfkRJkqPeKX92+pEmEwlBOtO74XmyClCjDKMdpoZtojAkdkyF2LBUkQh2k82un7plV+u5AKlvCuHP190RKIq0nUWg7I2JGetmbif95ncQMqkHKRJwYFHSxaJBw10h39rrbZwqp4RNLCFXM3urSEVGEGhtQwYbgL7+8SpoXZb9SvrqrlGrVLI48nMApnIMPl1CDW6hDAyg8wjO8wpsjnRfn3flYtOacbOYY/sD5/AGRBI8d</latexit>

ei�11E

<latexit sha1_base64="BaEQi3e3HwIZZzoLYC4bX4JYems=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigvVWEMFjBfsBbQyb7aZdutmE3Y1QQ36JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0431ZpbX1jc6u8XdnZ3duv2geHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk+uZ332kUrFY3OtpQr0IjwQLGcHaSL5dpQ8ZGyRj5meum9/kvl1z6s4caJW4BalBgZZvfw2GMUkjKjThWKm+6yTay7DUjHCaVwapogkmEzyifUMFjqjysvnhOTo1yhCFsTQlNJqrvycyHCk1jQLTGWE9VsveTPzP66c6bHgZE0mqqSCLRWHKkY7RLAU0ZJISzaeGYCKZuRWRMZaYaJNVxYTgLr+8SjrndfeifnV3UWs2ijjKcAwncAYuXEITbqEFbSCQwjO8wpv1ZL1Y79bHorVkFTNH8AfW5w+NrJMC</latexit>

ei�12E

<latexit sha1_base64="akEztnP8zKvvMnVYgOicw3M518E=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSCtZbQQSPFewHtDFstpN26WYTdjdCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpBwprTjfFuFjc2t7Z3ibmlv/+CwbB8dd1ScSgptGvNY9gKigDMBbc00h14igUQBh24wuZ773UeQisXiXk8T8CIyEixklGgj+XYZHjI2SMbMz9za7Gbm2xWn6iyA14mbkwrK0fLtr8EwpmkEQl NOlOq7TqK9jEjNKIdZaZAqSAidkBH0DRUkAuVli8Nn+NwoQxzG0pTQeKH+nshIpNQ0CkxnRPRYrXpz8T+vn+qw4WVMJKkGQZeLwpRjHeN5CnjIJFDNp4YQKpm5FdMxkYRqk1XJhOCuvrxOOrWqW69e3dUrzUYeRxGdojN0gVx0iZroFrVQG1GUomf0it6sJ+vFerc+lq0FK585QX9gff4AjzOTAw==</latexit>

�ij = 2⇡K�1
ij

<latexit sha1_base64="xWDUhouhURLCPXmP0qQhVY2/xR0=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBjSUpBetCKLgR3FSwD2himEyn7dhJMsxMhBKyceOvuHGhiFv/wZ1/4zTNQlsPXDiccy/33uNzRqWyrG+jsLS8srpWXC9tbG5t75i7e20ZxQKTFo5YJLo+koTRkLQUVYx0uSAo8Bnp+OPLqd95IELSKLxVE07cAA1DOqAYKS155qHDR9RL6H0KL2DV4RRe3yWndppJnlm2KlYGuEjsnJRBjqZnfjn9CMcBCRVmSMqebXHlJkgoihlJS04sCUd4jIakp2mIAiLdJPsihcda6cNBJHSFCmbq74kEBVJOAl93BkiN5Lw3Ff/zerEa1N2EhjxWJMSzRYOYQRXBaSSwTwXBik00QVhQfSvEIyQQVjq4kg7Bnn95kbSrFbtWOb+plRv1PI4iOABH4ATY4Aw0wBVoghbA4BE8g1fwZjwZL8a78TFrLRj5zD74A+PzBy3ul7k=</latexit>

ei�Eei�E ...ei�E

<latexit sha1_base64="1ovzDqo8Sw0GEV6aMktvEcMgI/c=">AAACDXicbZDLSgMxFIYzXmu9jbp0E6yCq2FGCtZdQQSXFewF2rFk0jNtaCYzJBmhDH0BN76KGxeKuHXvzrcxbWdRW38IfPnPOSTnDxLOlHbdH2tldW19Y7OwVdze2d3btw8OGypOJYU6jXksWwFRwJmAumaaQyuRQKKAQzMYXk/qzUeQisXiXo8S8CPSFyxklGhjde1TeMhYJxkwfDOeQ8dx5m5du+Q67lR4GbwcSihXrWt/d3oxTSMQmnKiVNtzE+1nRGpGOYyLnVRBQuiQ9KFtUJAIlJ9NtxnjM+P0cBhLc4TGU3d+IiORUqMoMJ0R0QO1WJuY/9XaqQ4rfsZEkmoQdPZQmHKsYzyJBveYBKr5yAChkpm/YjogklBtAiyaELzFlZehceF4ZefqrlyqVvI4CugYnaBz5KFLVEW3qIbqiKIn9ILe0Lv1bL1aH9bnrHXFymeO0B9ZX79UDpsR</latexit>

Charge vector (1,0,0,…)

In terms of lattice DOF
• creates gauge charge in 

one layer
• creates gauge flux 

across the layers according to 

eiAeiA...eiA

<latexit sha1_base64="Zlj2yacox03QUXumFoa2KUiC8rc=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFcBUSKVh3FTcuK9gLtLFMppN26GQSZiZCCQVfxY0LRdz6HO58G6dNFtp6YIaP/z+HOfMHCWdKu+63tbK6tr6xWdoqb+/s7u3bB4ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQfjm5nffqRSsVjc60lC/QgPBQsZwdpIffuYPmTseprfjuPk0LcrruPOCy2DV0AFimr07a/eICZpRIUmHCvV9dxE+xmWmhFOp+VeqmiCyRgPadegwBFVfjZff4rOjDJAYSzNERrN1d8TGY6UmkSB6YywHqlFbyb+53VTHdb8jIkk1VSQ/KEw5UjHaJYFGjBJieYTA5hIZnZFZIQlJtokVjYheItfXobWheNVnau7aqVeK+IowQmcwjl4cAl1uIUGNIFABs/wCm/Wk/VivVsfeeuKVcwcwZ+yPn8AkVSVOA==</latexit>



String operator
O(c†eiAc)

<latexit sha1_base64="z8yXlIVKtO5bDF/lFmc+1Ey1dIc=">AAAB/nicbVBNS8NAEN34WetXVDx5CRahXkoiBfVW9eLNCvYD2rRsNpN26WYTdjdCCQH/ihcPinj1d3jz37htc9DWBwOP92aYmefFjEpl29/G0vLK6tp6YaO4ubW9s2vu7TdllAgCDRKxSLQ9LIFRDg1FFYN2LACHHoOWN7qZ+K1HEJJG/EGNY3BDPOA0oAQrLfXNw7sy6aVdHw8GIDLopfQqI6d9s2RX7CmsReLkpIRy1PvmV9ePSBICV4RhKTuOHSs3xUJRwiArdhMJMSYjPICOphyHIN10en5mnWjFt4JI6OLKmqq/J1IcSjkOPd0ZYjWU895E/M/rJCq4cFPK40QBJ7NFQcIsFVmTLCyfCiCKjTXBRFB9q0WGWGCidGJFHYIz//IiaZ5VnGrl8r5aql3ncRTQETpGZeSgc1RDt6iOGoigFD2jV/RmPBkvxrvxMWtdMvKZA/QHxucP2QGVcA==</latexit>

O(c†eiAc)

<latexit sha1_base64="z8yXlIVKtO5bDF/lFmc+1Ey1dIc=">AAAB/nicbVBNS8NAEN34WetXVDx5CRahXkoiBfVW9eLNCvYD2rRsNpN26WYTdjdCCQH/ihcPinj1d3jz37htc9DWBwOP92aYmefFjEpl29/G0vLK6tp6YaO4ubW9s2vu7TdllAgCDRKxSLQ9LIFRDg1FFYN2LACHHoOWN7qZ+K1HEJJG/EGNY3BDPOA0oAQrLfXNw7sy6aVdHw8GIDLopfQqI6d9s2RX7CmsReLkpIRy1PvmV9ePSBICV4RhKTuOHSs3xUJRwiArdhMJMSYjPICOphyHIN10en5mnWjFt4JI6OLKmqq/J1IcSjkOPd0ZYjWU895E/M/rJCq4cFPK40QBJ7NFQcIsFVmTLCyfCiCKjTXBRFB9q0WGWGCidGJFHYIz//IiaZ5VnGrl8r5aql3ncRTQETpGZeSgc1RDt6iOGoigFD2jV/RmPBkvxrvxMWtdMvKZA/QHxucP2QGVcA==</latexit>

O(c†eiAc)

<latexit sha1_base64="z8yXlIVKtO5bDF/lFmc+1Ey1dIc=">AAAB/nicbVBNS8NAEN34WetXVDx5CRahXkoiBfVW9eLNCvYD2rRsNpN26WYTdjdCCQH/ihcPinj1d3jz37htc9DWBwOP92aYmefFjEpl29/G0vLK6tp6YaO4ubW9s2vu7TdllAgCDRKxSLQ9LIFRDg1FFYN2LACHHoOWN7qZ+K1HEJJG/EGNY3BDPOA0oAQrLfXNw7sy6aVdHw8GIDLopfQqI6d9s2RX7CmsReLkpIRy1PvmV9ePSBICV4RhKTuOHSs3xUJRwiArdhMJMSYjPICOphyHIN10en5mnWjFt4JI6OLKmqq/J1IcSjkOPd0ZYjWU895E/M/rJCq4cFPK40QBJ7NFQcIsFVmTLCyfCiCKjTXBRFB9q0WGWGCidGJFHYIz//IiaZ5VnGrl8r5aql3ncRTQETpGZeSgc1RDt6iOGoigFD2jV/RmPBkvxrvxMWtdMvKZA/QHxucP2QGVcA==</latexit>

eiA

<latexit sha1_base64="gu5MZak0Xpnpzx97DtGrtYX/URs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKexKwHiLePEYwTwgWcPspJOMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7wpgzbTzv28mtrW9sbuW3Czu7e/sHxcOjppaJotigkkvVDolGzgQ2DDMc27FCEoUcW+H4Zua3nlBpJsW9mcQYRGQo2IBRYqzUxIeUXU97xZJX9uZwV4mfkRJkqPeKX92+pEmEwlBOtO74XmyClCjDKMdpoZtojAkdkyF2LBUkQh2k82un7plV+u5AKlvCuHP190RKIq0nUWg7I2JGetmbif95ncQMqkHKRJwYFHSxaJBw10h39rrbZwqp4RNLCFXM3urSEVGEGhtQwYbgL7+8SpoXZb9SvrqrlGrVLI48nMApnIMPl1CDW6hDAyg8wjO8wpsjnRfn3flYtOacbOYY/sD5/AGRBI8d</latexit>

ei�11E

<latexit sha1_base64="BaEQi3e3HwIZZzoLYC4bX4JYems=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigvVWEMFjBfsBbQyb7aZdutmE3Y1QQ36JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0431ZpbX1jc6u8XdnZ3duv2geHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk+uZ332kUrFY3OtpQr0IjwQLGcHaSL5dpQ8ZGyRj5meum9/kvl1z6s4caJW4BalBgZZvfw2GMUkjKjThWKm+6yTay7DUjHCaVwapogkmEzyifUMFjqjysvnhOTo1yhCFsTQlNJqrvycyHCk1jQLTGWE9VsveTPzP66c6bHgZE0mqqSCLRWHKkY7RLAU0ZJISzaeGYCKZuRWRMZaYaJNVxYTgLr+8SjrndfeifnV3UWs2ijjKcAwncAYuXEITbqEFbSCQwjO8wpv1ZL1Y79bHorVkFTNH8AfW5w+NrJMC</latexit>

ei�12E

<latexit sha1_base64="akEztnP8zKvvMnVYgOicw3M518E=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSCtZbQQSPFewHtDFstpN26WYTdjdCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpBwprTjfFuFjc2t7Z3ibmlv/+CwbB8dd1ScSgptGvNY9gKigDMBbc00h14igUQBh24wuZ773UeQisXiXk8T8CIyEixklGgj+XYZHjI2SMbMz9za7Gbm2xWn6iyA14mbkwrK0fLtr8EwpmkEQl NOlOq7TqK9jEjNKIdZaZAqSAidkBH0DRUkAuVli8Nn+NwoQxzG0pTQeKH+nshIpNQ0CkxnRPRYrXpz8T+vn+qw4WVMJKkGQZeLwpRjHeN5CnjIJFDNp4YQKpm5FdMxkYRqk1XJhOCuvrxOOrWqW69e3dUrzUYeRxGdojN0gVx0iZroFrVQG1GUomf0it6sJ+vFerc+lq0FK585QX9gff4AjzOTAw==</latexit>

�ij = 2⇡K�1
ij

<latexit sha1_base64="xWDUhouhURLCPXmP0qQhVY2/xR0=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBjSUpBetCKLgR3FSwD2himEyn7dhJMsxMhBKyceOvuHGhiFv/wZ1/4zTNQlsPXDiccy/33uNzRqWyrG+jsLS8srpWXC9tbG5t75i7e20ZxQKTFo5YJLo+koTRkLQUVYx0uSAo8Bnp+OPLqd95IELSKLxVE07cAA1DOqAYKS155qHDR9RL6H0KL2DV4RRe3yWndppJnlm2KlYGuEjsnJRBjqZnfjn9CMcBCRVmSMqebXHlJkgoihlJS04sCUd4jIakp2mIAiLdJPsihcda6cNBJHSFCmbq74kEBVJOAl93BkiN5Lw3Ff/zerEa1N2EhjxWJMSzRYOYQRXBaSSwTwXBik00QVhQfSvEIyQQVjq4kg7Bnn95kbSrFbtWOb+plRv1PI4iOABH4ATY4Aw0wBVoghbA4BE8g1fwZjwZL8a78TFrLRj5zD74A+PzBy3ul7k=</latexit>

ei�Eei�E ...ei�E

<latexit sha1_base64="1ovzDqo8Sw0GEV6aMktvEcMgI/c=">AAACDXicbZDLSgMxFIYzXmu9jbp0E6yCq2FGCtZdQQSXFewF2rFk0jNtaCYzJBmhDH0BN76KGxeKuHXvzrcxbWdRW38IfPnPOSTnDxLOlHbdH2tldW19Y7OwVdze2d3btw8OGypOJYU6jXksWwFRwJmAumaaQyuRQKKAQzMYXk/qzUeQisXiXo8S8CPSFyxklGhjde1TeMhYJxkwfDOeQ8dx5m5du+Q67lR4GbwcSihXrWt/d3oxTSMQmnKiVNtzE+1nRGpGOYyLnVRBQuiQ9KFtUJAIlJ9NtxnjM+P0cBhLc4TGU3d+IiORUqMoMJ0R0QO1WJuY/9XaqQ4rfsZEkmoQdPZQmHKsYzyJBveYBKr5yAChkpm/YjogklBtAiyaELzFlZehceF4ZefqrlyqVvI4CugYnaBz5KFLVEW3qIbqiKIn9ILe0Lv1bL1aH9bnrHXFymeO0B9ZX79UDpsR</latexit>

Charge vector (1,0,0,…)

In terms of lattice DOF
• creates gauge charge in 

one layer
• creates gauge flux 

across the layers according to 
• adiabatically evolves the 

matter field

eiAeiA...eiA

<latexit sha1_base64="Zlj2yacox03QUXumFoa2KUiC8rc=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFcBUSKVh3FTcuK9gLtLFMppN26GQSZiZCCQVfxY0LRdz6HO58G6dNFtp6YIaP/z+HOfMHCWdKu+63tbK6tr6xWdoqb+/s7u3bB4ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQfjm5nffqRSsVjc60lC/QgPBQsZwdpIffuYPmTseprfjuPk0LcrruPOCy2DV0AFimr07a/eICZpRIUmHCvV9dxE+xmWmhFOp+VeqmiCyRgPadegwBFVfjZff4rOjDJAYSzNERrN1d8TGY6UmkSB6YywHqlFbyb+53VTHdb8jIkk1VSQ/KEw5UjHaJYFGjBJieYTA5hIZnZFZIQlJtokVjYheItfXobWheNVnau7aqVeK+IowQmcwjl4cAl1uIUGNIFABs/wCm/Wk/VivVsfeeuKVcwcwZ+yPn8AkVSVOA==</latexit>

O(c†eiAc)

<latexit sha1_base64="etEDPPW1f3A6uqEguh2k7ojsdgQ=">AAAB/nicbVDLSsNAFJ34rPUVFVdugkWom5JIwbqruHFnBfuANi2TyU06dDIJMxOhhIC/4saFIm79Dnf+jdPHQlsPXDiccy/33uMljEpl29/Gyura+sZmYau4vbO7t28eHLZknAoCTRKzWHQ8LIFRDk1FFYNOIgBHHoO2N7qZ+O1HEJLG/EGNE3AjHHIaUIKVlgbm8V2Z9LOej8MQRA79jF7n5HxgluyKPYW1TJw5KaE5GgPzq+fHJI2AK8KwlF3HTpSbYaEoYZAXe6mEBJMRDqGrKccRSDebnp9bZ1rxrSAWuriypurviQxHUo4jT3dGWA3lojcR//O6qQpqbkZ5kirgZLYoSJmlYmuSheVTAUSxsSaYCKpvtcgQC0yUTqyoQ3AWX14mrYuKU61c3VdL9do8jgI6QaeojBx0ieroFjVQExGUoWf0it6MJ+PFeDc+Zq0rxnzmCP2B8fkD1f+VZg==</latexit>
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<latexit sha1_base64="VHE/DTHkRwuBsvvHfK4kZ5Za4G0="></latexit>

Gap is proportional to smallest |eigenvalues of K |^2
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<latexit sha1_base64="VHE/DTHkRwuBsvvHfK4kZ5Za4G0="></latexit>

Gap is proportional to smallest |eigenvalues of K |^2

Gapped: K(131),K(141),K(151)

<latexit sha1_base64="27Y5apMKTysN5ApWRMKip5GMqDo=">AAAB/3icbVDLSgMxFL3js9bXqODGTbAILUiZaEXdFd0IbirYB7RDyaSZNjTzIMkIpXbhr7hxoYhbf8Odf2PazkJbD4R7OOde7s3xYsGVdpxva2FxaXllNbOWXd/Y3Nq2d3ZrKkokZVUaiUg2PKKY4CGraq4Fa8SSkcATrO71r8d+/YFJxaPwXg9i5gakG3KfU6KN1Lb3b/P4FBeOkamltJ7hQtvOOUVnAjRPcEpykKLStr9anYgmAQs1FUSpJnZi7Q6J1JwKNsq2EsViQvuky5qGhiRgyh1O7h+hI6N0kB9J80KNJurviSEJlBoEnukMiO6pWW8s/uc1E+1fuEMexolmIZ0u8hOBdITGYaAOl4xqMTCEUMnNrYj2iCRUm8iyJgQ8++V5Ujsp4lLx8q6UK1+lcWTgAA4hDxjOoQw3UIEqUHiEZ3iFN+vJerHerY9p64KVzuzBH1ifPzgekcE=</latexit>

Gapless: K(101),K(111),K(121)

<latexit sha1_base64="dZevqBTL/nHy78iJWHfcJ2pZd3o=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFaEHKpBTUXdGN4KaCfUA7lEyatqGZB0lGKGMX/oobF4q49Tfc+Tem7Sy09UC4h3Pu5d4cLxJcacf5tjIrq2vrG9nN3Nb2zu6evX/QUGEsKavTUISy5RHFBA9YXXMtWCuSjPieYE1vdD31mw9MKh4G93ocMdcng4D3OSXaSF376LaAHVw8Q6bitJZxsWvnnZIzA1omOCV5SFHr2l+dXkhjnwWaCqJUGzuRdhMiNaeCTXKdWLGI0BEZsLahAfGZcpPZ/RN0apQe6ofSvECjmfp7IiG+UmPfM50+0UO16E3F/7x2rPsXbsKDKNYsoPNF/VggHaJpGKjHJaNajA0hVHJzK6JDIgnVJrKcCQEvfnmZNMolXCld3lXy1as0jiwcwwkUAMM5VOEGalAHCo/wDK/wZj1ZL9a79TFvzVjpzCH8gfX5Ayogkbg=</latexit>
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<latexit sha1_base64="VHE/DTHkRwuBsvvHfK4kZ5Za4G0="></latexit>

Gap is proportional to smallest |eigenvalues of K |^2

Gapped: K(131),K(141),K(151)

<latexit sha1_base64="27Y5apMKTysN5ApWRMKip5GMqDo=">AAAB/3icbVDLSgMxFL3js9bXqODGTbAILUiZaEXdFd0IbirYB7RDyaSZNjTzIMkIpXbhr7hxoYhbf8Odf2PazkJbD4R7OOde7s3xYsGVdpxva2FxaXllNbOWXd/Y3Nq2d3ZrKkokZVUaiUg2PKKY4CGraq4Fa8SSkcATrO71r8d+/YFJxaPwXg9i5gakG3KfU6KN1Lb3b/P4FBeOkamltJ7hQtvOOUVnAjRPcEpykKLStr9anYgmAQs1FUSpJnZi7Q6J1JwKNsq2EsViQvuky5qGhiRgyh1O7h+hI6N0kB9J80KNJurviSEJlBoEnukMiO6pWW8s/uc1E+1fuEMexolmIZ0u8hOBdITGYaAOl4xqMTCEUMnNrYj2iCRUm8iyJgQ8++V5Ujsp4lLx8q6UK1+lcWTgAA4hDxjOoQw3UIEqUHiEZ3iFN+vJerHerY9p64KVzuzBH1ifPzgekcE=</latexit>

Gapless: K(101),K(111),K(121)

<latexit sha1_base64="dZevqBTL/nHy78iJWHfcJ2pZd3o=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFaEHKpBTUXdGN4KaCfUA7lEyatqGZB0lGKGMX/oobF4q49Tfc+Tem7Sy09UC4h3Pu5d4cLxJcacf5tjIrq2vrG9nN3Nb2zu6evX/QUGEsKavTUISy5RHFBA9YXXMtWCuSjPieYE1vdD31mw9MKh4G93ocMdcng4D3OSXaSF376LaAHVw8Q6bitJZxsWvnnZIzA1omOCV5SFHr2l+dXkhjnwWaCqJUGzuRdhMiNaeCTXKdWLGI0BEZsLahAfGZcpPZ/RN0apQe6ofSvECjmfp7IiG+UmPfM50+0UO16E3F/7x2rPsXbsKDKNYsoPNF/VggHaJpGKjHJaNajA0hVHJzK6JDIgnVJrKcCQEvfnmZNMolXCld3lXy1as0jiwcwwkUAMM5VOEGalAHCo/wDK/wZj1ZL9a79TFvzVjpzCH8gfX5Ayogkbg=</latexit>

Instability?
Gapless spin liquid?
Gapless fracton?
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Summary
§ Lattice construction for all quasi-local K matrices
§ Local models, string operator
§ Gapped / Gapless

§ Examples of gapped foliated, gapped non-foliated, 
and gapless
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Open questions
§ Conditions for gapped foliated / gapped non-foliated

§ Equivalence classes of foliated models (as equivalence 
class of K matrices)

§ General properties of gapped non-foliated models 
(degeneracy, fusion group, statistics, RG, etc.)

§ What do gapless K matrices represent?

§ What about non-quasi-diagonal ones (e.g. for X-cube)?


