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Summary 2

• Chalker-Coddington network model used since 1980s to 
describe transition in the integer quantum Hall effect (IQHE) can be 
reinterpreted in the modern language as a Floquet topological 
insulator. 

• Within the Floquet framework, it lacks Chern number instead 
being characterized by the Chiral Floquet topological invariant 
and thus seemingly belongs to a different class of topological 
insulators, Chiral Floquet insulators instead of Chern insulators where 
IQHE belongs.  

• We show that network model can be used to establish a map 
from chiral Floquet insulators to Chern insulators, so they are 
more closely related than previously thought. 
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Similar to percolation, but tunneling between nearby trajectories is allowed.
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Network model definition – Consider the ground
state of a non-interacting electron gas in a uniform mag-
netic field and a disordered potential, with the lowest
Landau level partially occupied on average. If the po-
tential is smooth on the scale of the magnetic length
and has fluctuations smaller in amplitude than the cy-
clotron energy, the system is divided into spatial regions
around potential minima where the Landau level is lo-
cally fully occupied, and regions around maxima where
it is empty. Chiral edge states at the chemical potential
circulate along the boundaries between these occupied
and empty regions. Tunneling between distinct edge seg-
ments occurs near saddle-points in the potential where
their spatial separation is small.

The network model [8] describes a simplified version of
this picture, in which the potential is chosen so that oc-
cupied and empty regions form alternate plaquettes of a
regular square lattice. Edge states propagate on directed
links of this lattice, meeting at nodes that correspond
to potential saddle-points. Consider a stationary state
in this continuum problem. Its wavefunction is sampled
at a single point ri on each link, and represented by a
current amplitude  i. Amplitudes on incoming and out-
going links at a node are related by a scattering matrix,
so that (referring to Fig. 1):
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Here, ✓ parameterizes tunneling while '3 and '4 are
Aharonov-Bohm phases. A similar S-matrix with ✓ !
✓̄ ⌘ ⇡/2�✓ describes scattering at the ✓̄ nodes. Disorder
is modeled by taking 'i to be an independent random
variable on each link i, uniform in [0, 2⇡). The model
can be specified for a closed system of N links by an
N ⇥ N unitary matrix U , which is composed of 2 ⇥ 2
sub-matrices, each having the form of Eq. 1 [11].

An eigenstate of the continuum Hamiltonian, sampled
at the points ri, is represented by an eigenvector of U

with eigenphase zero (mod 2⇡), such that Eq. (1) is sat-
isfied at every node. In order to find the energies at which
scattering eigenphases vanish, and hence relate eigenvec-
tors of U to Hamiltonian eigenstates, it is necessary to
consider the energy dependence of ✓ and 'i. From the
shape of equipotentials near a saddle-point, one sees that
✓ increases from 0 to ⇡/2 as energy is increased across
the disorder-broadened Landau level. The accumulated
link phase around a plaquette is (2⇡ times) the number
of flux quanta passing through this plaquette. Random-
ness in �i arises from small random variations in the area
of plaquettes. Additional energy-dependence of �i arises
due to to the change in area of a plaquette with a change
in the chemical potential.

The behavior of the model is simplest at the extreme
limits ✓ = 0 and ✓ = ⇡/2. In the first case, the sys-
tem consists only of isolated plaquettes enclosing occu-
pied regions. In the second case, it is made up of isolated
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FIG. 1. Coupled wire picture of network model. Upper
panel: Quasi-one dimensional strips with oppositely propa-
gating edge states are indicated in gray. Red and blue scatter-
ing matrices with scattering angles ✓ and ✓̄ = ⇡/2�✓ represent
inter- and intra- wire backscattering. Lower panels 1-3: Each
panel depicts the local couplings of a stroboscopic Hamilto-
nian that generates the network model dynamics. Solid black
lines represent coupling uij(⇡), dashed red and blue lines rep-
resent uij(✓) and uij(⇡/2 � ✓) respectively (see text for defi-
nitions).

plaquettes enclosing empty regions, together with a chi-
ral edge state at a boundary where the system meets an
external empty region. Detailed numerical studies show
that the edge state is present for all ✓ > ⇡/4.

Floquet perspective – These scattering dynamics de-
fine a stroboscopic Floquet evolution in which we intro-
duce a discrete time variable t and take

 (t + 1) = U (t), (2)

where  (t) is the vector of all the link amplitudes at
the time step t [12]. Writing the eigenvalues of U as
e
�i", the phases " are referred to in this context as quasi-

energies, located within a compact Brillouin zone " 2
(�⇡,⇡]. The fact that quasi-energies lie on a circle rather
than an open line changes the topological classification of
Floquet dynamics compared to that of gapped ground-
states of static Hamiltonians [5–7].

Non-interacting Floquet bands in systems with con-
served particle number are exhaustively classified by two
integer-valued topological invariants:

1. the Chern number, Cn, defined separately for each
Floquet band, n, and

2. the chiral unitary index, �(U), defined for the full
Floquet unitary, which characterizes the number
of chiral edge states that wrap around the quasi-
energy Brillouin zone [6].

(ψ3
ψ4) = (eiφ3 0

0 eiφ4) ( cos θ sin θ
−sin θ cos θ) (ψ1

ψ2)
θ̄ = π − θ

random energy-
dependent phases

node  
scattering

ΨC+2 = TC+1(θ̄)TC(θ)ΨC

ΨC ΨC+1 ΨC+2 ΨC+3

transfer 
matrix 

localization length 
extracted from the 
smallest eigenvalue of 
the transfer matrix. 

{
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ψ(t + 1) = Uψ(t)
Stroboscopic Floquet evolution

λ = e−iϵ
Eigenvalues of U:

U(θ, ⃗k ) =

0 0 sin θe−ikx cos θe−iky

0 0 −cos θeiky sin θeikx

cos θ sin θ 0 0
−sin θ cos θ 0 0

3

For the network model, we observe that the Chern
numbers for the Floquet-bands of U are identically zero.
This claim can be verified by inspection at the trivial and
topological limiting points, ✓ = 0 and ✓ = ⇡/2. At these
points, the bulk motion consists of short loops around
the elementary plaquettes of the network model (Fig. 1),
indicating that the Floquet bands admit a strictly local-
ized Wannier basis of orbitals, each having support only
on the four links of a single plaquette. Such a localized
Wannier basis implies vanishing Chern number [13], im-
mediately implying that each individual eigenstate has
zero Chern number. This conclusion extends to all val-
ues of ✓ 6= ⇡/4, since Chern number may only change
at a delocalization transition, which in this model occurs
only at ✓ = ⇡/4. The regions either side of this crit-
ical point inherit the vanishing Chern number of their
limiting points, at ✓ = 0,⇡/2 respectively.

This argument, valid for arbitrary disorder, can be di-
rectly verified for the clean version of the model by ex-
plicit computation of the Floquet band-structure. Intro-
ducing crystalline momenta k, the matrix U is block-
diagonal with blocks of the form

U(✓, k) =

0

BB@

0 0 sin ✓e�ikx cos ✓e�iky

0 0 � cos ✓eiky sin ✓eikx

cos ✓ sin ✓ 0 0
� sin ✓ cos ✓ 0 0

1

CCA . (3)

We denote the eigenvalues of U(✓, k) by "n(✓, k) for
n 2 {0, 1, 2, 3}. At ✓ = 0 and ✓ = ⇡/2, "n are inde-
pendent of k, taking the values "n = ⇡/4 + ⇡n/2. As ✓
deviates from these extreme values, the bands disperse,
until they touch at ✓ = ⇡/4 in a sequence of Dirac-points
at wave-vectors k = (0, 0) or k = (⇡,⇡) (Fig. 2). Tuning
away from ✓ = ⇡/4, the Dirac points develop a mass-gap
with an alternating sign mass for Dirac points separated
in quasi-energy by �" = ⇡/2. Equivalently, viewed in the
three-dimensional parameter space (✓, k), these degen-
erate points form monopole sources of Berry flux, with
overall cancelling monopole charge, resulting in vanishing
net Chern number for all ✓.

Chiral Floquet invariant – Viewing the network
model as a lattice Floquet system, since U has only topo-
logically trivial bulk bands, any non-trivial topological
behavior must emerge from a non-trivial chiral unitary
invariant, � 6= 0. As a first step, we compare behavior at
✓ = 0 and ✓ = ⇡/2 for a system with open boundaries,
where � can be computed simply by counting the number
of chiral edge states wrapping the quasi-energy Brillouin
zone. There is no edge state in the first case, and one in
the second case. The eigenvectors of U corresponding to
the edge state can be given explicitly. Let integer j la-
bel links in order along the boundary, and for simplicity
set all 'j = 0. Then the vector with  j = e

ikj on edge
links and  i = 0 on all other links is an (unnormalized)
eigenvector of U with quasi-energy "edge = k.
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FIG. 2. Floquet band structure – The four bands "(k)
of the clean network model evolution operator at ✓ = ⇡/4,
plotted as a function of kx and ky across the Brillouin zone.

This mode indeed wraps the quasi-energy Brillouin
zone as k varies, and is manifestly absent in the other
phase of the model (✓ ⇡ 0), demonstrating that

�(UCCN(✓)) =

(
0 0  ✓ < ⇡/4

1 ⇡/4 < ✓  ⇡/2
(4)

and hence that the network model describes a Floquet
chiral unitary index changing phase transition.

Although inspection of the stroboscopic edge motion
is su�cient to give the value of bulk invariant � via
the bulk-boundary correspondence established in [6], it
is also reassuring to compute � directly from the network
model in the bulk by considering a system with periodic
boundary conditions. Here, we face a known obstacle: to
compute � from bulk behavior alone, it is not su�cient to
examine stroboscopic times (for which the bulk motion is
always trivial when all Cn = 0). Instead, one must exam-
ine the micro-motion within a single period. The network
model as formulated is blind to this micro-motion, and
additional choices are needed to define it (though the fi-
nal result will be independent of these choices).

Specifically we seek a continuous path in the space of
unitary matrices, from the identity to U . This can be
generated by a local Hamiltonian H(t) that acts on the
Hilbert space of the network model lattice for all times
0  t  T within the Floquet period T = 1. That
is, we require U(t) = T e

�i
R t
0 H(t1)dt1 (where T denotes

time ordering) such that U(T ) = U , the CCN unitary.
This relation does not uniquely fix H(t). However, if we
demand that H(t) is spatially local, any such choice of
H(t) will produce the same value of �. The completeness
of the Floquet classification for lattice models [6, 14, 15]
also implies that any such local generating H(t) must
be explicitly time-dependent (in contrast to the static
Hamiltonian for continuum Landau levels).

To construct a generating H(t), we adopt a coupled-
wire perspective [16] by grouping the chiral segments of

Bands at θ = π/4
At other values of θ:  
four bands separated by gaps.

Each band has Chern number 0.

2

Network model definition – Consider the ground
state of a non-interacting electron gas in a uniform mag-
netic field and a disordered potential, with the lowest
Landau level partially occupied on average. If the po-
tential is smooth on the scale of the magnetic length
and has fluctuations smaller in amplitude than the cy-
clotron energy, the system is divided into spatial regions
around potential minima where the Landau level is lo-
cally fully occupied, and regions around maxima where
it is empty. Chiral edge states at the chemical potential
circulate along the boundaries between these occupied
and empty regions. Tunneling between distinct edge seg-
ments occurs near saddle-points in the potential where
their spatial separation is small.

The network model [8] describes a simplified version of
this picture, in which the potential is chosen so that oc-
cupied and empty regions form alternate plaquettes of a
regular square lattice. Edge states propagate on directed
links of this lattice, meeting at nodes that correspond
to potential saddle-points. Consider a stationary state
in this continuum problem. Its wavefunction is sampled
at a single point ri on each link, and represented by a
current amplitude  i. Amplitudes on incoming and out-
going links at a node are related by a scattering matrix,
so that (referring to Fig. 1):

✓
 3

 4

◆
=

✓
e
i'3 0
0 e

i'4

◆✓
cos ✓ sin ✓

� sin ✓ cos ✓

◆✓
 1

 2

◆
. (1)

Here, ✓ parameterizes tunneling while '3 and '4 are
Aharonov-Bohm phases. A similar S-matrix with ✓ !
✓̄ ⌘ ⇡/2�✓ describes scattering at the ✓̄ nodes. Disorder
is modeled by taking 'i to be an independent random
variable on each link i, uniform in [0, 2⇡). The model
can be specified for a closed system of N links by an
N ⇥ N unitary matrix U , which is composed of 2 ⇥ 2
sub-matrices, each having the form of Eq. 1 [11].

An eigenstate of the continuum Hamiltonian, sampled
at the points ri, is represented by an eigenvector of U

with eigenphase zero (mod 2⇡), such that Eq. (1) is sat-
isfied at every node. In order to find the energies at which
scattering eigenphases vanish, and hence relate eigenvec-
tors of U to Hamiltonian eigenstates, it is necessary to
consider the energy dependence of ✓ and 'i. From the
shape of equipotentials near a saddle-point, one sees that
✓ increases from 0 to ⇡/2 as energy is increased across
the disorder-broadened Landau level. The accumulated
link phase around a plaquette is (2⇡ times) the number
of flux quanta passing through this plaquette. Random-
ness in �i arises from small random variations in the area
of plaquettes. Additional energy-dependence of �i arises
due to to the change in area of a plaquette with a change
in the chemical potential.

The behavior of the model is simplest at the extreme
limits ✓ = 0 and ✓ = ⇡/2. In the first case, the sys-
tem consists only of isolated plaquettes enclosing occu-
pied regions. In the second case, it is made up of isolated

✓̄
<latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

✓̄
<latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

2
<latexit sha1_base64="9hR0UtjrzVWlSz3SSwxOVpU9XLA="></latexit><latexit sha1_base64="9hR0UtjrzVWlSz3SSwxOVpU9XLA="></latexit><latexit sha1_base64="9hR0UtjrzVWlSz3SSwxOVpU9XLA="></latexit><latexit sha1_base64="9hR0UtjrzVWlSz3SSwxOVpU9XLA="></latexit> 3

<latexit sha1_base64="TFAXceulDJ3UH68GzO3xWqIDmws="></latexit><latexit sha1_base64="TFAXceulDJ3UH68GzO3xWqIDmws="></latexit><latexit sha1_base64="TFAXceulDJ3UH68GzO3xWqIDmws="></latexit><latexit sha1_base64="TFAXceulDJ3UH68GzO3xWqIDmws="></latexit>

✓̄
<latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit>

✓̄
<latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit>

✓̄
<latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit>

✓̄
<latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

1
<latexit sha1_base64="RUhfVc9AvVuNMhNbPEPLF/VWt1U="></latexit><latexit sha1_base64="RUhfVc9AvVuNMhNbPEPLF/VWt1U="></latexit><latexit sha1_base64="RUhfVc9AvVuNMhNbPEPLF/VWt1U="></latexit><latexit sha1_base64="RUhfVc9AvVuNMhNbPEPLF/VWt1U="></latexit>

2
<latexit sha1_base64="N+bnnpzf1bHGk0488BhDuJEFAqo="></latexit><latexit sha1_base64="N+bnnpzf1bHGk0488BhDuJEFAqo="></latexit><latexit sha1_base64="N+bnnpzf1bHGk0488BhDuJEFAqo="></latexit><latexit sha1_base64="N+bnnpzf1bHGk0488BhDuJEFAqo="></latexit>

3
<latexit sha1_base64="4AYdw4lp6z6xbMbyxeN+HwUzSwg="></latexit><latexit sha1_base64="4AYdw4lp6z6xbMbyxeN+HwUzSwg="></latexit><latexit sha1_base64="4AYdw4lp6z6xbMbyxeN+HwUzSwg="></latexit><latexit sha1_base64="4AYdw4lp6z6xbMbyxeN+HwUzSwg="></latexit>

4
<latexit sha1_base64="PmDwYWnoPIhC1Witq6bnejH7anY="></latexit><latexit sha1_base64="PmDwYWnoPIhC1Witq6bnejH7anY="></latexit><latexit sha1_base64="PmDwYWnoPIhC1Witq6bnejH7anY="></latexit><latexit sha1_base64="PmDwYWnoPIhC1Witq6bnejH7anY="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

✓̄
<latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

✓
<latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit><latexit sha1_base64="hul/KFkaLgYOdWblEG1epryd0sc="></latexit>

1
<latexit sha1_base64="332mMNE76TeJ32moP0UTxoFDlA4="></latexit><latexit sha1_base64="332mMNE76TeJ32moP0UTxoFDlA4="></latexit><latexit sha1_base64="332mMNE76TeJ32moP0UTxoFDlA4="></latexit><latexit sha1_base64="332mMNE76TeJ32moP0UTxoFDlA4="></latexit>

✓̄
<latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit>

✓̄
<latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit><latexit sha1_base64="IR2nZC1QmWMm/xZG9ISRZMxKvRg="></latexit>

FIG. 1. Coupled wire picture of network model. Upper
panel: Quasi-one dimensional strips with oppositely propa-
gating edge states are indicated in gray. Red and blue scatter-
ing matrices with scattering angles ✓ and ✓̄ = ⇡/2�✓ represent
inter- and intra- wire backscattering. Lower panels 1-3: Each
panel depicts the local couplings of a stroboscopic Hamilto-
nian that generates the network model dynamics. Solid black
lines represent coupling uij(⇡), dashed red and blue lines rep-
resent uij(✓) and uij(⇡/2 � ✓) respectively (see text for defi-
nitions).

plaquettes enclosing empty regions, together with a chi-
ral edge state at a boundary where the system meets an
external empty region. Detailed numerical studies show
that the edge state is present for all ✓ > ⇡/4.

Floquet perspective – These scattering dynamics de-
fine a stroboscopic Floquet evolution in which we intro-
duce a discrete time variable t and take

 (t + 1) = U (t), (2)

where  (t) is the vector of all the link amplitudes at
the time step t [12]. Writing the eigenvalues of U as
e
�i", the phases " are referred to in this context as quasi-

energies, located within a compact Brillouin zone " 2
(�⇡,⇡]. The fact that quasi-energies lie on a circle rather
than an open line changes the topological classification of
Floquet dynamics compared to that of gapped ground-
states of static Hamiltonians [5–7].

Non-interacting Floquet bands in systems with con-
served particle number are exhaustively classified by two
integer-valued topological invariants:

1. the Chern number, Cn, defined separately for each
Floquet band, n, and

2. the chiral unitary index, �(U), defined for the full
Floquet unitary, which characterizes the number
of chiral edge states that wrap around the quasi-
energy Brillouin zone [6].

θ = π /2 movement around grey squares
θ = 0 movement around white squares
θ = π /4 delocalized trajectories

Small deviation from  
Nonzero Chern density in the vicinity 
of each Dirac point, canceling between 
two Dirac points for each band. 

θ = π/4

Delplace et al, (2014)-



Edge states 7
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Network model definition – Consider the ground
state of a non-interacting electron gas in a uniform mag-
netic field and a disordered potential, with the lowest
Landau level partially occupied on average. If the po-
tential is smooth on the scale of the magnetic length
and has fluctuations smaller in amplitude than the cy-
clotron energy, the system is divided into spatial regions
around potential minima where the Landau level is lo-
cally fully occupied, and regions around maxima where
it is empty. Chiral edge states at the chemical potential
circulate along the boundaries between these occupied
and empty regions. Tunneling between distinct edge seg-
ments occurs near saddle-points in the potential where
their spatial separation is small.

The network model [8] describes a simplified version of
this picture, in which the potential is chosen so that oc-
cupied and empty regions form alternate plaquettes of a
regular square lattice. Edge states propagate on directed
links of this lattice, meeting at nodes that correspond
to potential saddle-points. Consider a stationary state
in this continuum problem. Its wavefunction is sampled
at a single point ri on each link, and represented by a
current amplitude  i. Amplitudes on incoming and out-
going links at a node are related by a scattering matrix,
so that (referring to Fig. 1):

✓
 3

 4

◆
=

✓
e
i'3 0
0 e

i'4

◆✓
cos ✓ sin ✓

� sin ✓ cos ✓

◆✓
 1

 2

◆
. (1)

Here, ✓ parameterizes tunneling while '3 and '4 are
Aharonov-Bohm phases. A similar S-matrix with ✓ !
✓̄ ⌘ ⇡/2�✓ describes scattering at the ✓̄ nodes. Disorder
is modeled by taking 'i to be an independent random
variable on each link i, uniform in [0, 2⇡). The model
can be specified for a closed system of N links by an
N ⇥ N unitary matrix U , which is composed of 2 ⇥ 2
sub-matrices, each having the form of Eq. 1 [11].

An eigenstate of the continuum Hamiltonian, sampled
at the points ri, is represented by an eigenvector of U

with eigenphase zero (mod 2⇡), such that Eq. (1) is sat-
isfied at every node. In order to find the energies at which
scattering eigenphases vanish, and hence relate eigenvec-
tors of U to Hamiltonian eigenstates, it is necessary to
consider the energy dependence of ✓ and 'i. From the
shape of equipotentials near a saddle-point, one sees that
✓ increases from 0 to ⇡/2 as energy is increased across
the disorder-broadened Landau level. The accumulated
link phase around a plaquette is (2⇡ times) the number
of flux quanta passing through this plaquette. Random-
ness in �i arises from small random variations in the area
of plaquettes. Additional energy-dependence of �i arises
due to to the change in area of a plaquette with a change
in the chemical potential.

The behavior of the model is simplest at the extreme
limits ✓ = 0 and ✓ = ⇡/2. In the first case, the sys-
tem consists only of isolated plaquettes enclosing occu-
pied regions. In the second case, it is made up of isolated
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FIG. 1. Coupled wire picture of network model. Upper
panel: Quasi-one dimensional strips with oppositely propa-
gating edge states are indicated in gray. Red and blue scatter-
ing matrices with scattering angles ✓ and ✓̄ = ⇡/2�✓ represent
inter- and intra- wire backscattering. Lower panels 1-3: Each
panel depicts the local couplings of a stroboscopic Hamilto-
nian that generates the network model dynamics. Solid black
lines represent coupling uij(⇡), dashed red and blue lines rep-
resent uij(✓) and uij(⇡/2 � ✓) respectively (see text for defi-
nitions).

plaquettes enclosing empty regions, together with a chi-
ral edge state at a boundary where the system meets an
external empty region. Detailed numerical studies show
that the edge state is present for all ✓ > ⇡/4.

Floquet perspective – These scattering dynamics de-
fine a stroboscopic Floquet evolution in which we intro-
duce a discrete time variable t and take

 (t + 1) = U (t), (2)

where  (t) is the vector of all the link amplitudes at
the time step t [12]. Writing the eigenvalues of U as
e
�i", the phases " are referred to in this context as quasi-

energies, located within a compact Brillouin zone " 2
(�⇡,⇡]. The fact that quasi-energies lie on a circle rather
than an open line changes the topological classification of
Floquet dynamics compared to that of gapped ground-
states of static Hamiltonians [5–7].

Non-interacting Floquet bands in systems with con-
served particle number are exhaustively classified by two
integer-valued topological invariants:

1. the Chern number, Cn, defined separately for each
Floquet band, n, and

2. the chiral unitary index, �(U), defined for the full
Floquet unitary, which characterizes the number
of chiral edge states that wrap around the quasi-
energy Brillouin zone [6].

θ = 0

ΨC = eiky

y λ = e−ik = e−iϵ

π k

ϵ

−π

π

Edge states but no Chern numbers? 

Chiral Floquet topological phase 

Rudner, Lindner, Berg, Levin (2014).
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Edge states but no Chern numbers? 

Chiral Floquet topological phase 

Rudner, Lindner, Berg, Levin (2014).

U(t)

χ[Ũ] =
1

8π2 ∫ dtdkxdkyTr(Ũ†∂tŨ [Ũ†∂kx
Ũ, Ũ†∂ky

Ũ])
Chiral Floquet invariant

requires the concept of the time 
dependent evolution operator
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ψ1 ψ2

(ψ1
ψ2)out

= exp (−itσy) (ψ1
ψ2)in

t = π/2 → exchange

Explicit calculation shows
χ = 0, θ < π /4
χ = 1, θ > π /4
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i
∂ψ
∂t

= H(t) ψ

H(t + T ) = H(t)

Periodically driven systems

ψ(t + T ) = U(T ) ψ(t)define evolution 
operator

λn = e−iϵnwith eigenvalues

−π

π

ϵ

bands

bands

edge states, classified by 
group G 

anomalous edge states, also 
classified by group G 

Roy, Harper (2017): Floquet topological insulators are classified by the group G × G



Paradox 10

Understood as a stroboscopically evolving Floquet system, network model has two phases 

1. Trivial phase 
2. Chiral Floquet phase

Both have Chern number zero. 

Two options: 

1. Network model describes Chiral Floquet 
Phases and does not describe Integer Hall 
Effect with its nonzero Chern number. 
Different critical exponents for the IQHE 
plateau transition and network model?

2. Network model does describe 
Integer Quantum Hal Effect. Same 
critical exponent for IQHE plateau 
transition. If so, where is the Chern 
number?



Reinterpretation of the network model 11

2

Network model definition – Consider the ground
state of a non-interacting electron gas in a uniform mag-
netic field and a disordered potential, with the lowest
Landau level partially occupied on average. If the po-
tential is smooth on the scale of the magnetic length
and has fluctuations smaller in amplitude than the cy-
clotron energy, the system is divided into spatial regions
around potential minima where the Landau level is lo-
cally fully occupied, and regions around maxima where
it is empty. Chiral edge states at the chemical potential
circulate along the boundaries between these occupied
and empty regions. Tunneling between distinct edge seg-
ments occurs near saddle-points in the potential where
their spatial separation is small.

The network model [8] describes a simplified version of
this picture, in which the potential is chosen so that oc-
cupied and empty regions form alternate plaquettes of a
regular square lattice. Edge states propagate on directed
links of this lattice, meeting at nodes that correspond
to potential saddle-points. Consider a stationary state
in this continuum problem. Its wavefunction is sampled
at a single point ri on each link, and represented by a
current amplitude  i. Amplitudes on incoming and out-
going links at a node are related by a scattering matrix,
so that (referring to Fig. 1):

✓
 3

 4

◆
=

✓
e
i'3 0
0 e

i'4

◆✓
cos ✓ sin ✓

� sin ✓ cos ✓

◆✓
 1

 2

◆
. (1)

Here, ✓ parameterizes tunneling while '3 and '4 are
Aharonov-Bohm phases. A similar S-matrix with ✓ !
✓̄ ⌘ ⇡/2�✓ describes scattering at the ✓̄ nodes. Disorder
is modeled by taking 'i to be an independent random
variable on each link i, uniform in [0, 2⇡). The model
can be specified for a closed system of N links by an
N ⇥ N unitary matrix U , which is composed of 2 ⇥ 2
sub-matrices, each having the form of Eq. 1 [11].

An eigenstate of the continuum Hamiltonian, sampled
at the points ri, is represented by an eigenvector of U

with eigenphase zero (mod 2⇡), such that Eq. (1) is sat-
isfied at every node. In order to find the energies at which
scattering eigenphases vanish, and hence relate eigenvec-
tors of U to Hamiltonian eigenstates, it is necessary to
consider the energy dependence of ✓ and 'i. From the
shape of equipotentials near a saddle-point, one sees that
✓ increases from 0 to ⇡/2 as energy is increased across
the disorder-broadened Landau level. The accumulated
link phase around a plaquette is (2⇡ times) the number
of flux quanta passing through this plaquette. Random-
ness in �i arises from small random variations in the area
of plaquettes. Additional energy-dependence of �i arises
due to to the change in area of a plaquette with a change
in the chemical potential.

The behavior of the model is simplest at the extreme
limits ✓ = 0 and ✓ = ⇡/2. In the first case, the sys-
tem consists only of isolated plaquettes enclosing occu-
pied regions. In the second case, it is made up of isolated
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FIG. 1. Coupled wire picture of network model. Upper
panel: Quasi-one dimensional strips with oppositely propa-
gating edge states are indicated in gray. Red and blue scatter-
ing matrices with scattering angles ✓ and ✓̄ = ⇡/2�✓ represent
inter- and intra- wire backscattering. Lower panels 1-3: Each
panel depicts the local couplings of a stroboscopic Hamilto-
nian that generates the network model dynamics. Solid black
lines represent coupling uij(⇡), dashed red and blue lines rep-
resent uij(✓) and uij(⇡/2 � ✓) respectively (see text for defi-
nitions).

plaquettes enclosing empty regions, together with a chi-
ral edge state at a boundary where the system meets an
external empty region. Detailed numerical studies show
that the edge state is present for all ✓ > ⇡/4.

Floquet perspective – These scattering dynamics de-
fine a stroboscopic Floquet evolution in which we intro-
duce a discrete time variable t and take

 (t + 1) = U (t), (2)

where  (t) is the vector of all the link amplitudes at
the time step t [12]. Writing the eigenvalues of U as
e
�i", the phases " are referred to in this context as quasi-

energies, located within a compact Brillouin zone " 2
(�⇡,⇡]. The fact that quasi-energies lie on a circle rather
than an open line changes the topological classification of
Floquet dynamics compared to that of gapped ground-
states of static Hamiltonians [5–7].

Non-interacting Floquet bands in systems with con-
served particle number are exhaustively classified by two
integer-valued topological invariants:

1. the Chern number, Cn, defined separately for each
Floquet band, n, and

2. the chiral unitary index, �(U), defined for the full
Floquet unitary, which characterizes the number
of chiral edge states that wrap around the quasi-
energy Brillouin zone [6].

H =
1

2m [(−i
∂
∂x

+
eB
c

y)
2

−
∂2

∂y2 ] ψ + Vψ = Eψ

mai = −
∂V
∂xi

+
eB
c

ϵijvj

Movement along equipotential lines

We expect θ to be energy dependent, sweeping from 0 to π/2.
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How can a chiral Floquet topological insulator describe transitions in IQHE? 

θ varies across the Chern bands.
Chern bands reemerge if energy dependence of θ is taken into account.

Phase which accumulates across a plaquette 
should also be given energy dependence.

φ(E) = ϵn(k, θ(E)) + 2πm
Chern band reconstruction: solve for E

For example, we take:

θ(E) =
π
4 (tanh [ E + π /4

4π ] + 1)
φ(E) = E

λn = exp[−iϵn]
Eigenvalues of the evolution operator U

Hamiltonian eigenstates: eigenstates of the evolution operator, with the eigenvalue 1. 

Enm(k) This is the reconstructed band
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4

the model into pairs of alternating strips (Fig. 1). We
build H(t) from a sequence of piecewise time-independent
Hamiltonians consisting of particle hoppings between dis-
joint pairs ↵,� of sites. These Hamiltonians are sums of
terms of the form h↵� = J�

y, where �
y is the Pauli

matrix acting on the two amplitudes ( ↵, �)T . When
applied for time t = �/J this produces the unitary evolu-
tion u↵�(�) = e

�i��
y

. Opposite chiral motion at the edge
of each one-dimensional strip is produced in the second
and third portions of the period by applying sequential
SWAP operations, u↵�(� = ⇡), on the horizontal and di-
agonal bonds, shown on lower panels 2 and 3 of Fig. 1.
Scattering is introduced via an initial partial swap step,
by applying u↵�(✓) and u↵�

�
⇡

2 � ✓
�

at the inter- or intra-
wire scattering nodes respectively (panel 1 of Fig. 1).

With a local generating Hamiltonian in hand, one can
compute � directly via the formula [6]

�[Ũ ] =
1

8⇡2

Z
dtdkxdkyTr

⇣
Ũ

†
@tŨ

h
Ũ

†
@kxŨ , Ũ

†
@ky Ũ

i⌘

Ũ(t, k) =

(
U(2t, k) 0 < t  T/2

e
+2iHF (t�T/2)

U(T, k) T/2 < t  T .
(5)

Here, Ũ(t) is the Floquet unitary time evolution U(t, k),
supplemented by backwards time-evolution under the
time-independent Floquet Hamiltonian U(T, k) =
e
�iHF T , to deform U(t) into a unitary loop: Ũ(0) =

Ũ(T ) = 1. One can confirm Eq. 4 directly using Eq. 5.
This computation is simplest to do for ✓ = 0,⇡/2, where
the network model unitary raised to the fourth power
is already a unitary loop: U

4(T, k) = �1. Appealing to
the topological invariance under perturbations that do
not close gaps at quasi-energies 0,⇡, we can then extend
this result to generic values of ✓ 6= ⇡/4.

Recovery of Chern bands – These observations natu-
rally raise the question: how can a model with zero Chern
number describe the quantum Hall transition? We now
show that a non-zero Chern number for the Landau band
of the continuum Hamiltonian is correctly recovered from
the eigenvectors of U when the network model parame-
ters are allowed to vary with energy in a realistic manner.

For clarity, we use the clean model in this discussion al-
though the results are general. Without disorder, the link
phases obey 'i = '(E) for all i, where '(E) is a mono-
tonic function of energy E with an increment � across
the energy width of the disorder-broadened Landau level.
If there are many magnetic flux quanta per unit cell (the
natural regime for the network model) then � � 1. In-
cluding '(E), the quasi-energies of U are "n(k, ✓)�'(E).
Eigenenergies of the continuum problem form bands de-
fined by:

'(E) = "n(k, ✓) + 2⇡m (6)

for integer m. For large � there are many such bands.
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FIG. 3. Chern bands from the scattering network – a)
Semiclassical orbits for an electron in a periodic potential and
uniform magnetic field, b) Partial-set of energy bands from
the scattering network with ✓(E) = ⇡

4 (tanh [E + ⇡/4] + 1)
and '(E) = 4E. The horizontal axis is placed at the critical
energy E = Ec for which ✓(Ec) = ⇡/4, c) Berry curvature
for two bands near E = 0 for which ✓ respectively crosses
(left panel) and does not cross (right panel) ⇡/4, giving total
Chern number 1 or 0. All other bands have Chern number
zero.

Recalling that ✓ ⌘ ✓(E) is a (slowly varying) func-
tion of E, the solution to Eq. (6) for each m, n defines a
surface ✓m,n(k) in the space (✓, k) that was introduced
following Eq. 3. For all but one of these surfaces, both
of the oppositely charged (✓, k)-space monopole sources
of Berry flux lie on the same side of the surface. The
net Berry flux through these surfaces is therefore zero,
implying zero Chern number for the associated band of
eigenstates in the continuum problem. However, there is
one exceptional pair (m, n) for which ✓m,n(k) < ⇡/4 at
k = (0, 0) but ✓m,n(k) > ⇡/4 at k = (⇡,⇡) (or vice-versa,
depending on the parity of n). For this exceptional pair,
oppositely charged monopoles lie on opposite sides of the
surface, which therefore has a full unit of Berry flux pass-
ing though it. The associated band of eigenstates hence
has unit Chern number, and summing over all bands we
recover unit Chern number for the Landau level. A nu-
merical demonstration for particular energy dependence
is shown in Fig. 3.

Discussion – These two lines of analysis show that
the network model equally describes both chiral Flo-
quet topological insulators, and quantum Hall phases and
transitions. Specifically, these results establish a precise
equivalence of the dynamics of a wave-packet with near-

Chern density for two bands.

This band has Chern number 1.

Some of the bands thus found are 
shown here.

E = − π /4 → θ = π /4

θ(E) =
π
4 (tanh [ E + π /4

4π ] + 1)

This band has Chern number 0.

3

For the network model, we observe that the Chern
numbers for the Floquet-bands of U are identically zero.
This claim can be verified by inspection at the trivial and
topological limiting points, ✓ = 0 and ✓ = ⇡/2. At these
points, the bulk motion consists of short loops around
the elementary plaquettes of the network model (Fig. 1),
indicating that the Floquet bands admit a strictly local-
ized Wannier basis of orbitals, each having support only
on the four links of a single plaquette. Such a localized
Wannier basis implies vanishing Chern number [13], im-
mediately implying that each individual eigenstate has
zero Chern number. This conclusion extends to all val-
ues of ✓ 6= ⇡/4, since Chern number may only change
at a delocalization transition, which in this model occurs
only at ✓ = ⇡/4. The regions either side of this crit-
ical point inherit the vanishing Chern number of their
limiting points, at ✓ = 0,⇡/2 respectively.

This argument, valid for arbitrary disorder, can be di-
rectly verified for the clean version of the model by ex-
plicit computation of the Floquet band-structure. Intro-
ducing crystalline momenta k, the matrix U is block-
diagonal with blocks of the form

U(✓, k) =

0

BB@

0 0 sin ✓e�ikx cos ✓e�iky

0 0 � cos ✓eiky sin ✓eikx

cos ✓ sin ✓ 0 0
� sin ✓ cos ✓ 0 0

1

CCA . (3)

We denote the eigenvalues of U(✓, k) by "n(✓, k) for
n 2 {0, 1, 2, 3}. At ✓ = 0 and ✓ = ⇡/2, "n are inde-
pendent of k, taking the values "n = ⇡/4 + ⇡n/2. As ✓
deviates from these extreme values, the bands disperse,
until they touch at ✓ = ⇡/4 in a sequence of Dirac-points
at wave-vectors k = (0, 0) or k = (⇡,⇡) (Fig. 2). Tuning
away from ✓ = ⇡/4, the Dirac points develop a mass-gap
with an alternating sign mass for Dirac points separated
in quasi-energy by �" = ⇡/2. Equivalently, viewed in the
three-dimensional parameter space (✓, k), these degen-
erate points form monopole sources of Berry flux, with
overall cancelling monopole charge, resulting in vanishing
net Chern number for all ✓.

Chiral Floquet invariant – Viewing the network
model as a lattice Floquet system, since U has only topo-
logically trivial bulk bands, any non-trivial topological
behavior must emerge from a non-trivial chiral unitary
invariant, � 6= 0. As a first step, we compare behavior at
✓ = 0 and ✓ = ⇡/2 for a system with open boundaries,
where � can be computed simply by counting the number
of chiral edge states wrapping the quasi-energy Brillouin
zone. There is no edge state in the first case, and one in
the second case. The eigenvectors of U corresponding to
the edge state can be given explicitly. Let integer j la-
bel links in order along the boundary, and for simplicity
set all 'j = 0. Then the vector with  j = e

ikj on edge
links and  i = 0 on all other links is an (unnormalized)
eigenvector of U with quasi-energy "edge = k.

ky
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FIG. 2. Floquet band structure – The four bands "(k)
of the clean network model evolution operator at ✓ = ⇡/4,
plotted as a function of kx and ky across the Brillouin zone.

This mode indeed wraps the quasi-energy Brillouin
zone as k varies, and is manifestly absent in the other
phase of the model (✓ ⇡ 0), demonstrating that

�(UCCN(✓)) =

(
0 0  ✓ < ⇡/4

1 ⇡/4 < ✓  ⇡/2
(4)

and hence that the network model describes a Floquet
chiral unitary index changing phase transition.

Although inspection of the stroboscopic edge motion
is su�cient to give the value of bulk invariant � via
the bulk-boundary correspondence established in [6], it
is also reassuring to compute � directly from the network
model in the bulk by considering a system with periodic
boundary conditions. Here, we face a known obstacle: to
compute � from bulk behavior alone, it is not su�cient to
examine stroboscopic times (for which the bulk motion is
always trivial when all Cn = 0). Instead, one must exam-
ine the micro-motion within a single period. The network
model as formulated is blind to this micro-motion, and
additional choices are needed to define it (though the fi-
nal result will be independent of these choices).

Specifically we seek a continuous path in the space of
unitary matrices, from the identity to U . This can be
generated by a local Hamiltonian H(t) that acts on the
Hilbert space of the network model lattice for all times
0  t  T within the Floquet period T = 1. That
is, we require U(t) = T e

�i
R t
0 H(t1)dt1 (where T denotes

time ordering) such that U(T ) = U , the CCN unitary.
This relation does not uniquely fix H(t). However, if we
demand that H(t) is spatially local, any such choice of
H(t) will produce the same value of �. The completeness
of the Floquet classification for lattice models [6, 14, 15]
also implies that any such local generating H(t) must
be explicitly time-dependent (in contrast to the static
Hamiltonian for continuum Landau levels).

To construct a generating H(t), we adopt a coupled-
wire perspective [16] by grouping the chiral segments of

Band structure at 
for reference

θ = π/4



Generalizations 14

Other network models constructed via interpreting scattering as a stroboscopic Floquet 
evolution provide a similar map between conventional and Floquet topological insulators. 

Interacting Floquet models very similar in spirit to the original network model were 
constructed and used to classify interacting Floquet SPT-like phases. Any relation to 
non-driven systems?
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We construct and classify chiral topological phases in driven (Floquet) systems of strongly interacting
bosons, with finite-dimensional site Hilbert spaces, in two spatial dimensions. The construction proceeds
by introducing exactly soluble models with chiral edges, which in the presence of many-body localization
(MBL) in the bulk are argued to lead to stable chiral phases. These chiral phases do not require any
symmetry and in fact owe their existence to the absence of energy conservation in driven systems.
Surprisingly, we show that they are classified by a quantized many-body index, which is well defined for
any MBL Floquet system. The value of this index, which is always the logarithm of a positive rational
number, can be interpreted as the entropy per Floquet cycle pumped along the edge, formalizing the notion
of quantum-information flow. We explicitly compute this index for specific models and show that the
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and chaos at the edge. We also discuss chiral Floquet phases in interacting fermionic systems and their
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I. INTRODUCTION

Topological phases are typically discussed in terms of
the ground-state properties of gapped Hamiltonians. One of
the earliest examples is the integer quantum Hall (IQH)
effect, where a quantized Hall conductance is established
on cooling to low temperatures that are well below the gap
scale. The IQH insulator is an example of a short-range
entangled (SRE) topological phase, defined as having a
unique ground state on closed manifolds [1]. Awell-known
class of SRE phases are the symmetry-protected topologi-
cal (SPT) phases, which require the presence of a protecting
symmetry, examples of which include the electronic
topological insulators. In contrast, the IQH insulators
exemplify a more basic class of 2D “chiral” SRE phases
whose nontrivial nature persists even in the absence of any
symmetry. These nontrivial chiral phases are fully charac-
terized by the existence of chiral edge modes and can be
diagnosed by their quantized thermal Hall conductance [2],
which is proportional to the chiral central charge “c” of the
effective edge conformal field theory. In particular, the
chiral central charge is quantized in units of c! ¼ 1=2

(c! ¼ 8) for fermions (bosons) with no additional sym-
metry [3–5].
More recently, it has been realized that, outside of

ground-state physics, topological phases can also appear
in the highly excited states of a many-body system [6–8].
An essential ingredient in this scenario is many-body
localization, which allows for a description of states in
terms of conserved local integrals of motion [9–11]. This
prevents thermalization and endows the excited states with
properties similar to those of the ground states of gapped
systems [12]. These distinctive properties can be observed
in the dynamics of simple initial states, without the need for
cooling, so that in addition to their intrinsic interest, many-
body localized (MBL) topological phases also possess
practical advantages in terms of realizability. Although
many SPT phases have been realized in this MBL context
[6,7,13,14], the more fundamental 2D chiral topological
phases have so far evaded such a realization. Indeed, it was
argued in Refs. [3,14–16] that such chiral phases are not
permitted in excited states because the resulting system
would then be unstable to thermalization.
A key ingredient in the argument of Refs. [3,14,16] is the

inability of a system characterized by local integrals of
motion to support a quantized thermal Hall conductance. On
the other hand, it has also been understood recently that
MBL systems can be stable to the introduction of a time-
dependent, periodic Floquet drive [17–19], and this opens
up the possibility for the realization of new topological
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Refs. [29] and [31], where the fermions are replaced by
hard-core bosons, and each fermionic “hop” is replaced by
a bosonic SWAP gate. In anticipation of the generalizations
in subsequent subsections, we will view the hard-core
bosons as spin-1=2’s.
More concretely, let Λ be a checkerboard lattice with two

(square) sublattices A and B. We view Λ as rotated
45 degrees from the horizontal and choose primitive lattice
vectors x̂ and ŷ oriented in the x and y directions,
respectively. We can then view Λ as a crystal lattice with
a two-site unit cell, with basis vectors 0 for A and ðx̂þ ŷÞ=2
for B. Each site will host a spin-1=2. For concreteness, let
us take a large rectangular system with size Nx × Ny so that
the total number of sites is jΛj≡ 2NxNy.
Our Hamiltonian is a piecewise constant function of

time, with four distinct time steps, each of duration T=4.
The four corresponding Hamiltonians are denoted ĤðsÞ,
s ¼ 1;…; 4, so ĤðtÞ ¼ ĤðsÞ for ðs − 1ÞT=4 ≤ t ≤ sT=4.
For each s, we define

ĤðsÞ ¼
π
T

X

r

ðŜrBþbs
· ŜrA − 1̂Þ; ð1Þ

where ŜrA ¼ fX̂x; Ŷx; Ẑxg denote the Pauli operators at site
x ∈ Λ; rA and rB, respectively, denote the coordinates of
the A and B sites in the unit cell r; and

b1 ¼ 0; b2 ¼ −x̂;

b3 ¼ −x̂ − ŷ; b4 ¼ −ŷ: ð2Þ

By construction, all terms in ĤðsÞ commute, so the time-
evolution operator expð−iĤðsÞT=4Þ for a single time step
can be readily computed:

ÛðsÞ ≡ exp ð−iĤðsÞT=4Þ ¼
Y

r

χ̂rBþbs;rA ;

χ̂x;y ¼
1

2
ð1̂þ Ŝx · ŜyÞ; ð3Þ

where χ̂x;y is simply the SWAP gate between the spin-1=2
DOF at sites x and y. Hence, the total Floquet operator can
be viewed as a quantum circuit built entirely of SWAP gates
and is merely a permutation of the lattice sites. We denote it
by ÛF ≡ P̂F ≡ P̂ð4Þ…P̂ð1Þ to emphasize that each step is a
site permutation. Because of its permutation nature, a
SWAP circuit is exactly soluble, as we discuss in
Appendix A. In particular, we show below that with
periodic boundary conditions (PBC), ÛF is just the identity.
To compute the Floquet operator, which is a site

permutation, it is enough to work in the “single-spin-flip
sector,” defined as the subspace spanned by the orthonor-
mal set of single-spin-flip states fjrμi≡ Ŝþrμ j0ig, where
j0i≡ j↓↓…↓i, and Sþrμ ¼ ðXrμ þ iYrμÞ is the spin-raising

operator at site rμ. Restricted to this subspace, PF ≡
hrμjP̂Fjr0μ0 i is a jΛj-dimensional matrix and can be effi-
ciently analyzed. Intuitively, one can compute PF by simply
“hopping” the spin-flip following the SWAP gates in the
Floquet cycle. With PBC, one sees that any spin-flip circles
an adjacent plaquette and returns to its starting position
after the fourth step [Fig. 1(a)]. This implies PF ¼ 1jΛj, and
hence ÛF ¼ P̂F ¼ 1̂.
Although the Floquet operator is apparently trivial with

PBC, it could still be topologically nontrivial and display
protected, anomalous edge dynamics when the system is
under open boundary conditions (OBC). Explicitly, we
consider a cylindrical geometry periodic in x but open in y.
This opens up two circular edges, respectively consisting of
the A sites at y ¼ 1 and B sites at y ¼ Ny. The computation
of the Floquet operator with OBC, Û0

F ≡ P̂0
F, proceeds as

before. In the bulk, i.e., for y ≠ 1 and Ny, one simply finds
P̂0
FjBulk ¼ 1̂, as none of the SWAP gates acting on the bulk

sites have been affected. On the other hand, for a spin-flip
starting at, say, ðx; y ¼ 1ÞA, the SWAP gates for the third
and fourth time steps have been “deleted,” so in the single-
spin-flip sector

P0
Fjðx; 1ÞAi ¼ P0

ð2ÞP
0
ð1Þjðx; 1ÞAi ¼ jðxþ 1; 1ÞAi: ð4Þ

Hence, P̂0
F permutes the sites ðx; 1ÞA in the same way as the

unit right-translation operator along the boundary, t̂y¼1;A.
Similarly, for a spin-flip starting at ðx; NyÞB, we have

(b) (c)

(a)

FIG. 1. Various SWAP circuits considered. (a) A Floquet phase
with counterpropagating translation operators localized at the two
edges can be built by applying four layers of SWAP gates, as
indicated by 1 to 4. (b) The translation operator for the six-site
example has depth five. Generally, it will have an infinite circuit
depth in the thermodynamic limit. (c)Apair of counterpropagating
translation operators, however, can be realized with depth two.
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• Chalker-Coddington network model is both a chiral Floquet 
topological insulator and a Chern insulator. 

• Provides a map between these seemingly different systems 

• Shows that disordered Floquet insulators and time-independent 
topological insulators should have topological class changing 
transition in the same universality class. 

• Works for any class of topological insulators, not only class A 
(IQHE). Shows how to reconstruct bands for any time-independent 
systems which was mapped into a stroboscopic Floquet via 
interpreting scattering as a Floquet evolution. 

• Interactions? Perhaps yes in 1D, no in 2D and above.  


