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Some of the most intriguing phases of quantum matter 
— motivating much of the research carried out by  
members of the collaboration — involve gapless 

theories.

Two prototype sources of related questions in Nature:

— 2DEG at even denominator filling fraction:



— (normal state of) unconventional superconductors:

I can briefly describe idealized theorists’ versions 
of both systems.



Flux attachment suggests that we try to reinterpret a state at  
filling fraction  

The first problem starts with electrons in a plane  
subjected to a magnetic field.

by attaching two units of flux to each electron.

⌫ =
1

2



This new quasiparticles still have fermionic statistics, 
but move in a vanishing effective magnetic field.

Naively these “composite fermions” fill out a Fermi 
surface.  

Interactions can have various interesting effects:



Obtaining a precise understanding of these states 
remains a problem of significant interest.

The second problem suggests a different theoretical 
question.  One starts with a metal, but in candidate 

theories, the Fermi surface interacts with an (emergent) 
order parameter mediating a second order transition.

Effective theory: Fermion-boson problem

Fermions

bosons

“Yukawa” coupling

The lesson I will take from this is the following: it will be 
useful to find controlled approaches to non-Fermi liquid 

fixed points using toy models, even unrealistic toy models.

II.  Our toy model & RG philosophy

We will study the theory with UV action:

Fermi interactions. We describe the correlation functions
of both the boson and fermion degrees of freedom at the
non-Fermi liquid fixed point; they di⇥er from the results
obtained in alternative treatments. In §4, we re-introduce
the four-Fermi interactions and describe subtleties associ-
ated with log2 divergences that arise in their presence. In
§5, we discuss controlled large N theories where the sub-
tleties of §4 do not arise, and we find fixed points which
generalize those of §3 to include four-Fermi interactions.
We show that these fixed points have no superconducting
instabilities. We close with a discussion of open issues in
§6. Explicit calculations which we refer to in the main
body are presented in several appendices.

II. EFFECTIVE ACTION AND SCALING
ANALYSIS

Let ⌥� denote a fermion field with spin ⌅ =⇤, ⌅, and
dispersion �(k), defined relative to the Fermi level. Let ⌃
be the scalar boson field corresponding to the order pa-
rameter for the quantum phase transition. The e⇥ective
low energy Euclidean action consists of a purely fermionic
term, a purely bosonic term and a Yukawa coupling be-
tween bosons and fermions:

S =
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S⌅,⇤ =
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dd+1kdd+1q

(2⇤)2(d+1)
g(k, q)⌥̄(k)⌥(k + q)⌃(q), (1)

where repeated spin indices are summed. The first term,
L⌅, represents a Landau Fermi liquid, with weak residual
self-interactions incorporated in forward and BCS scat-
tering amplitudes. The second term represents an in-
teracting scalar boson field with speed c and mass m⇤

(which corresponds to the inverse correlation length that
vanishes as the system is tuned to the quantum criti-
cal point). The third term is the Yukawa coupling be-
tween the fermion and boson fields and is more naturally
described in momentum space. The quantity g(k, q) is
a generic coupling function that depends both on the
fermion momentum k, as well as the momentum trans-
fer q (we have suppressed spin indices for clarity). For a
spherically symmetric Fermi system, the angular depen-
dence of g(k, q) for |k| = kF can be decomposed into dis-
tinct angular momentum channels, each of which marks
a di⇥erent broken symmetry. Familiar examples include
ferromagnetism (angular momentum zero) and nematic
order (angular momentum 2). More generally, the cou-
pling can be labelled by the irreducible representation of
the crystal point group and it respects symmetry trans-
formations under which ⌃ and ⌥̄⌥ both change sign.

Before proceeding, we make a few comments on the ori-
gins of the e⇥ective action above. One starts with a the-
ory involving fermions interacting at short distances with
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FIG. 1. Summary of tree-level scaling. High energy modes
(blue) are integrated out at tree level and remaining low en-
ergy modes (red) are rescaled so as to preserve the boson and
fermion kinetic terms. The boson modes (a) have the low
energy locus at a point whereas the fermion modes (b) have
their low energy locus on the Fermi surface. The most rele-
vant Yukawa coupling (c) connects particle-hole states nearly
perpendicular to the Fermi surface; all other couplings are
irrelevant under the scaling.

strong repulsive forces. These interactions are decoupled
by an auxiliary boson field ⌃ representing a fermion bilin-
ear, and the partition function is obtained by averaging
over all possible values of both the fermion and boson
fields. Initially, the auxiliary field has no dynamics and
is massive. However, as high energy modes of the ma-
terial of interest are integrated out, radiative corrections
induce dynamics for the bosons. In a Wilsonian theory,
the dynamics are encapsulated only in local, analytic cor-
rections to the bare action. This mode elimination is con-
tinued until eventually, the UV cuto⇥ � ⇥ EF represents
the scale up to which the quasiparticle kinetic energy can
be linearized about the Fermi level. At these low ener-
gies, and in the vicinity of the quantum critical point
where the field ⌃ condenses, it is legitimate to view ⌃
as an independent, emergent fluctuating field that cou-
ples to the low energy fermions via a Yukawa coupling as
written above23. This will be the point of departure of
our analysis below.
We first describe a consistent scaling procedure for the

action in Eq. 1. The key challenge stems from the
fact that the boson and fermion fields have vastly dif-
ferent kinematics. Our bosons have dispersion relation
k20 = c2k2+m2

⇤, so that low energies correspond as usual
to low momentum, and their scaling is that of a standard
relativistic field theory where all components of momen-
tum scale the same way as k0. By contrast, the fermion
dispersion relation is k0 = �(k) � µ, so their low en-
ergy states occur close to the Fermi surface (Fig. 1).
Moreover, the Yukawa coupling between the two sets of
fields must conserve energy and momentum in a coarse-

2
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Starting UV action: 

g=0: fermi liquid decoupled from fluctuating order parameter.

non-zero g: non-trivial feedback between bosons and fermions.  

This is the theory of Landau Fermi liquids and Wilson-
Fisher scalar order parameters, interacting in the simplest 

possible way:

Tuesday, January 27, 15

⌫ = 1/2 ! non� Fermi liquid?

⌫ = 5/2 ! ??

⌫ = (2k + 1)/2 ! stripes?



A theorists’ idealization of the problem — solve for 
the dynamics of this quantum field theory:

III.  Our problem

Having introduced the ingredients, it becomes clear 
what our toy problem of interest should be.  We start

with the decoupled Landau theories:

EF

!LD ⇠ gEF
1p
N

Wilson-Fisher
+ dressed non-Fermi liquid

Scale where Landau 
damping sets in

???

FIG. 1. This figure depicts the regime of energy scales over
which our description is controlled. The physics below the
parametrically low scale of Landau damping remains to be
understood.

rotational symmetry is broken whereas translation sym-
metry remains preserved. In the case of continuous
Pomeranchuk transitions, the bosons condense at zero
momentum and therefore couple to fermions at every
point of the Fermi surface. There is growing experimen-
tal evidence that such transitions have been observed in
several families of highly correlated materials including
the cuprate superconductors as well as in heavy fermion
compounds26. A similar treatment can be applied to the
case of quantum critical phenomena associated with the
density wave orders. We will consider these transitions
in a separate publication.

The paper is organized as follows. In section 2, we
construct a scaling theory that treats both low energy
bosons and fermions on an equal footing, which manages
to capture the correct behavior of both the fermion and
boson degrees of freedom when they are decoupled from
one another. In section 3, we describe our renormal-
ization group strategy and construct a non-Fermi liquid
fixed point that governs the theory in absence of four-
Fermi interactions. We describe the correlation functions
of both the boson and fermion degrees of freedom at the
non-Fermi liquid fixed point; they di↵er from the results
obtained in alternative treatments. In §4, we re-introduce
the four-Fermi interactions and describe subtleties asso-
ciated with log-squared divergences that arise in their
presence. In §5, we discuss controlled large N theories
where the subtleties of §4 do not arise, and we find fixed
points which generalize those of §3 to include four-Fermi
interactions. We show that these fixed points have no
superconducting instabilities. We close with a discussion
of open issues in §6. Explicit calculations which we refer
to in the main body are presented in several appendices.

II. EFFECTIVE ACTION AND SCALING
ANALYSIS

In the standard description of quantum critical points
in metals1, one starts with a theory involving fermion

fields  � with spin � =", # interacting at short dis-
tances with strong repulsive forces. These interactions
are decoupled by an auxiliary boson field � representing
a fermion bilinear, and the partition function is obtained
by averaging over all possible values of both the fermion
and boson fields. Initially, the auxiliary field has no dy-
namics and is massive. However, as high energy modes
of the material of interest are integrated out, radiative
corrections induce dynamics for the bosons.

In a Wilsonian theory, the dynamics are encapsulated
only in local, analytic corrections to the bare action. This
mode elimination is continued until eventually, the UV
cuto↵ ⇤ ⌧ EF represents the scale up to which the
quasiparticle kinetic energy ✏(k) can be linearized about
the Fermi level. At these low energies, and in the vicin-
ity of the quantum critical point where the field � con-
denses, it is legitimate to view � as an independent,
emergent fluctuating field. The resulting e↵ective low
energy Euclidean action consists of a purely fermionic
term, a purely bosonic term and a Yukawa coupling be-
tween bosons and fermions:

S =

Z
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Z
ddx L = S + S� + S ��
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(2⇡)2(d+1)
g(k, q) ̄(k) (k + q)�(q), (1)

where repeated spin indices are summed. The first term,
L , represents a Landau Fermi liquid, with weak residual
self-interactions incorporated in forward and BCS scat-
tering amplitudes. The second term represents an in-
teracting scalar boson field with speed c and mass m�

(which corresponds to the inverse correlation length that
vanishes as the system is tuned to the quantum criti-
cal point). The third term is the Yukawa coupling be-
tween the fermion and boson fields and is more naturally
described in momentum space. The quantity g(k, q) is
a generic coupling function that depends both on the
fermion momentum k, as well as the momentum trans-
fer q (we have suppressed spin indices for clarity). For a
spherically symmetric Fermi system, the angular depen-
dence of g(k, q) for |k| = kF can be decomposed into dis-
tinct angular momentum channels, each of which marks
a di↵erent broken symmetry. Familiar examples include
ferromagnetism (angular momentum zero) and nematic
order (angular momentum 2). More generally, the cou-
pling can be labelled by the irreducible representation of
the crystal point group and it respects symmetry trans-
formations under which � and  ̄ both change sign. The
e↵ective action in Eq. 1 will be the point of departure of
our analysis below.

We first describe a consistent scaling procedure for the
action in Eq. 1. The key challenge stems from the
fact that the boson and fermion fields have vastly dif-
ferent kinematics. Our bosons have dispersion relation

2

Then, we couple them:
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FIG. 1. This figure depicts the regime of energy scales over
which our description is controlled. The physics below the
parametrically low scale of Landau damping remains to be
understood.

rotational symmetry is broken whereas translation sym-
metry remains preserved. In the case of continuous
Pomeranchuk transitions, the bosons condense at zero
momentum and therefore couple to fermions at every
point of the Fermi surface. There is growing experimen-
tal evidence that such transitions have been observed in
several families of highly correlated materials including
the cuprate superconductors as well as in heavy fermion
compounds26. A similar treatment can be applied to the
case of quantum critical phenomena associated with the
density wave orders. We will consider these transitions
in a separate publication.

The paper is organized as follows. In section 2, we
construct a scaling theory that treats both low energy
bosons and fermions on an equal footing, which manages
to capture the correct behavior of both the fermion and
boson degrees of freedom when they are decoupled from
one another. In section 3, we describe our renormal-
ization group strategy and construct a non-Fermi liquid
fixed point that governs the theory in absence of four-
Fermi interactions. We describe the correlation functions
of both the boson and fermion degrees of freedom at the
non-Fermi liquid fixed point; they di↵er from the results
obtained in alternative treatments. In §4, we re-introduce
the four-Fermi interactions and describe subtleties asso-
ciated with log-squared divergences that arise in their
presence. In §5, we discuss controlled large N theories
where the subtleties of §4 do not arise, and we find fixed
points which generalize those of §3 to include four-Fermi
interactions. We show that these fixed points have no
superconducting instabilities. We close with a discussion
of open issues in §6. Explicit calculations which we refer
to in the main body are presented in several appendices.

II. EFFECTIVE ACTION AND SCALING
ANALYSIS

In the standard description of quantum critical points
in metals1, one starts with a theory involving fermion

fields  � with spin � =", # interacting at short dis-
tances with strong repulsive forces. These interactions
are decoupled by an auxiliary boson field � representing
a fermion bilinear, and the partition function is obtained
by averaging over all possible values of both the fermion
and boson fields. Initially, the auxiliary field has no dy-
namics and is massive. However, as high energy modes
of the material of interest are integrated out, radiative
corrections induce dynamics for the bosons.

In a Wilsonian theory, the dynamics are encapsulated
only in local, analytic corrections to the bare action. This
mode elimination is continued until eventually, the UV
cuto↵ ⇤ ⌧ EF represents the scale up to which the
quasiparticle kinetic energy ✏(k) can be linearized about
the Fermi level. At these low energies, and in the vicin-
ity of the quantum critical point where the field � con-
denses, it is legitimate to view � as an independent,
emergent fluctuating field. The resulting e↵ective low
energy Euclidean action consists of a purely fermionic
term, a purely bosonic term and a Yukawa coupling be-
tween bosons and fermions:

S =

Z
d⌧

Z
ddx L = S + S� + S ��
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where repeated spin indices are summed. The first term,
L , represents a Landau Fermi liquid, with weak residual
self-interactions incorporated in forward and BCS scat-
tering amplitudes. The second term represents an in-
teracting scalar boson field with speed c and mass m�

(which corresponds to the inverse correlation length that
vanishes as the system is tuned to the quantum criti-
cal point). The third term is the Yukawa coupling be-
tween the fermion and boson fields and is more naturally
described in momentum space. The quantity g(k, q) is
a generic coupling function that depends both on the
fermion momentum k, as well as the momentum trans-
fer q (we have suppressed spin indices for clarity). For a
spherically symmetric Fermi system, the angular depen-
dence of g(k, q) for |k| = kF can be decomposed into dis-
tinct angular momentum channels, each of which marks
a di↵erent broken symmetry. Familiar examples include
ferromagnetism (angular momentum zero) and nematic
order (angular momentum 2). More generally, the cou-
pling can be labelled by the irreducible representation of
the crystal point group and it respects symmetry trans-
formations under which � and  ̄ both change sign. The
e↵ective action in Eq. 1 will be the point of departure of
our analysis below.

We first describe a consistent scaling procedure for the
action in Eq. 1. The key challenge stems from the
fact that the boson and fermion fields have vastly dif-
ferent kinematics. Our bosons have dispersion relation
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Thursday, September 18, 14

Various large N solutions 
give various answers to 

questions about low-energy 
dynamics.



Other approaches might be illuminating!

I’ve been thinking a little bit about a different way 
that AdS2 may enter into related stories, in discussions 

with various people…



DMFT is an influential approach to understanding 
dynamics of correlated electron systems.

I have little idea what it is, but the 
central step seems to be an  

approximation where one works 
at large d and replaces a 

coupled many electron system 
with an impurity model. 

There is lore that at large d, the regime of energies  
where this impurity model emerges to control dynamics 

is quite broad.



With this in mind, we decided to explore the behavior of 
holographic non-Fermi liquids at large d.

Finite chemical potential in AdS/CFT often leads to 
an IR emergent AdS2.

The no-hair theorems fail in AdS space.  Charged black 
brane horizons can take a variety of forms:

But the no hair theorems break down in AdS space, and a 
rich zoo of new black holes (= new phases of matter) have 

been found:
18 Horizons, holography and condensed matter

Figure 6 The zero temperature holographic superconductor. The electric
flux is sourced entirely by the scalar field condensate.

finds that the theory (6.1) admits Lifshitz solutions with the dynamical
critical exponent z given by solutions to

8(VT � 3) + 4(V
� 2
T � 4VT + 12)z + (V

� 2
T + 8VT � 24)z2 + V

� 2
T z3 = 0 . (6.6)

Here we introduced

VT = ⇥2L2
�
V (⇤⇥) +m2⇤2

⇥
⇥
, V

�
T =

⇥2L

e

�
V �(⇤⇥) + 2m2⇤⇥

⇥
. (6.7)

Thus the dynamical critical exponent is determined by the value of the
potential and its first derivative at the fixed point value of ⇤⇥, which is in
turn determined by the equations of motion. In order for the scaling (6.5) to
have a straightforward interpretation as a renormalisation transformation,
one should have z > 0. The null energy condition in the bulk furthermore
implies z > 1 [46]. Even if (6.6) gives physical solutions for z, it is not
guaranteed that the corresponding Lifshitz solution is realised as the near
horizon geometry. An instructive simple case to consider is m2 > 0 and
V = 0. One obtains in this case [46, 45]

z =
�2

�2 � L2m2
, ⇤2

⇥ =
1

e2L2

6z

(1 + z)(2 + z)
. (6.8)

The Lifshitz solutions are seen to exist so long as the scalar is not too heavy,
L2m2 < �2. As L2m2 ⌅ 0, we see that z ⌅ 1 and an emergent relativistic
AdS4 is obtained. As L2m2 ⌅ �2 from below, z ⌅ ⇧ and the extremal
AdS2⇥R2 geometry is recovered. However, recall from (6.2) that AdS2⇥R2 is
stable against ⇤ condensing if �2�m2L2 ⇤ 3

2 . Extremal Reissner-Nordström
is likely the ground state in this case. It follows that the Lifshitz geometries
(6.8) realized as IR scaling regimes in this theory with a positive quadratic

7 Electron stars 23

it is clear from the equations of state (7.6) that the fluid is present only if
the local chemical potential (7.5) is larger than the rest mass energy of the
fermions

µloc. > m . (7.8)

This is the condition to populate the local Fermi sea. Looking for extremal
solutions, without a finite temperature horizon, one finds that the condition
(7.8) is satisfied from the deep IR up to a specific radius. This radius is the
boundary of the star. Outside of the star, the geometry becomes Reissner-
Nordström-AdS with a mass and charge determined by integrating over the
fermions in the star. This type of solution is illustrated in figure 7 below.
Analogously to the holographic superconductors, at zero temperature all the

Figure 7 The electron star. The electric flux is sourced entirely by a fluid
of fermions. The fluid is present at all radii for which the local chemical
potential is greater than the fermion mass.

charge is carried by the fermions rather than lying behind a horizon.
Secondly, consider heating up the system. At leading order in the semi-

classical limit, this means placing a finite temperature black hole horizon in
the interior of the spacetime. The fluid remains at zero temperature, as the
fluid must be in thermal equilibrium with the Hawking radiation of the black
hole, the e�ects of which are negligible in the semiclassical limit. At finite
temperature, a fraction of the charge is carried by the black hole horizon,
which subsequently pushes the fermion fluid a finite distance away from the
horizon. The star becomes a band of fluid with an inner and an outer radius
[66, 67]. At nonzero temperature we can dial the ratio T/µ. We can expect
that at su⌅ciently high values of this ratio, the star will collapse to form a
black hole. This will be analogous to the maximal mass of spherical neutron
stars; in global rather than planar AdS, the mass scale can be compared
to the radius of the spatial boundary sphere. In that case there is a first

12 Horizons, holography and condensed matter

given electric flux at the boundary, leads to gravitational physics that is
interesting in its own right.
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Figure 3 The basic question in finite density holography: use the gravi-
tational equations to motion to find the interior IR geometry given the
boundary condition that there is an electric flux at infinity.

5 The planar Reissner-Nordström-AdS black hole

The minimal framework capable of describing the physics of electric flux in
an asymptotically AdS geometry is Einstein-Maxwell theory with a negative
cosmological constant [26]. The Lagrangian density can be written

L =
1

2⇥2

�
R+

6

L2

⇥
� 1

4e2
Fµ⇥F

µ⇥ . (5.1)

Here ⇥ and e are respectively the Newtonian and Maxwell constants while
L sets the cosmological constant lengthscale.

There is a unique regular solution to the theory (5.1) with electric flux
at infinity and that has rotations and spacetime translations as symmetries.
This is the planar Reissner-Nordström-AdS black hole, with metric

ds2 =
L2

r2

�
�f(r)dt2 +

dr2

f(r)
+ dx2 + dy2

⇥
. (5.2)

The metric function here is

f(r) = 1�
�
1 +

r2+µ
2

2�2

⇥�
r

r+

⇥3

+
r2+µ

2

2�2

�
r

r+

⇥4

. (5.3)

We introduced the dimensionless ratio of the Newtonian and Maxwell cou-
plings

�2 =
e2L2

⇥2
. (5.4)

New horizons include those
representing holographic super-
conductors, holographic Fermi

liquids, and a host of others
dual to more engimatic phases

of matter!

Tuesday, October 2, 12
The problem of classifying low-energy phases of doped 

matter can be mapped to the problem of classifying 
extremal black brane geometries.

Gubser;
...

Thursday, October 25, 12



Via the analysis of Faulker/Liu/McGreevy/… and others, 
the way to think about this for fermions at finite density is 

probably as follows.

S = S
strong

+
X

J,J 0

Z
dt c†J (i�J,J 0@t + µ�J,J 0 + tJ,J 0) cJ 0

+g
X

J

Z
dt c†JOF

J + (Hermitian conjugate) .

The resulting fermion self-energy 

In perturbation theory in g, we can turn on the interactions 
between the free fermion (with its Fermi liquid behaviour) 
and the strongly interacting sector.   For instance, there are 

a set of tree graphs that renormalize the c propagator:

a) + + +  ...

b) + + +  ...+ + +

Figure 2: a) The geometric sum leading to the fermion correlator (2.5). The solid line
represents G0 and the dashed line represents G0. b) The geometric sum (3.2), where an ⇥
represents the double-trace perturbation.

exhibiting the strange metallic behavior discussed in Refs. [6, 8]. The calculation uses only

the factorization property and so would be equally true in weakly coupled large-N theories.

Now we can see what happens if the AdS2 ⇥R2 strongly coupled theory is replaced by

an AdS4 theory, with ⇤ an operator of dimension ⇥ in the 2 + 1 dimensional CFT. The

correlator

⌅0|T⇤(⌅x, t)⇤†(0, 0)|0⇧ = (x2 � t2)�� (2.6)

implies

G0(⌅k,⇥) = A(⇥)(k2 � ⇥2)��3/2 , (2.7)

with A(⇥) = 4��(2 � 2⇥) sin �⇥. Since the Fermi momentum ⌅k is a UV scale we are

interested in k ⇤ ⇥ and so we expand,

G0(⌅k,⇥) = A(⇥)
�
k2��3 � (⇥� 3/2)⇥2k2��5 + . . .

⇥
. (2.8)

Using this in the correlator (2.5), the leading ⇥-independent term should be absorbed into

the definiton of ⇤�k from the UV theory. The leading correction to the fermion self-energy is ⇥2

as in Fermi liquid theory, but here it is real because the kinematics forbids the quasiparticle

decay. This example should capture the low energy dynamics of the models considered in

[18] where a fermion lives in a zero temperature holographic superconducting background

and the IR part of the geometry was an emergent AdS4 solution.

Similarly, we can extend to a Lifshitz theory with dynamical exponent z. For an operator

of energy dimension ⇥,

G0(⌅k,⇥) = A(⇥, z)k2�/z�2�z +B(⇥, z)⇥2k2�/z�2�3z + . . . . (2.9)

5

Normally, we would have to include interactions coming off 
the strong       lines.  But in a large N strong sector, such 

interactions are suppressed by powers of 1/N!
O

Then, the resulting  “dressed” c propagator can be 
written purely in terms of the two-point function of

in the strongly coupled sector:O

Thursday, January 6, 2011

Sunday, July 3, 2011

is purely frequency dependent at very low energies.



This is somewhat reminiscent of DMFT results:

 Take a toy bulk theory in d dimensions

S =

Z
d

d+1
x

p
�g (R+ Fµ⌫F

µ⌫ � 2⇤)

— impurity model vs emergent AdS2 
— purely frequency dependent self-energy

What does large d add to the story? 
(Large d black holes have been of independent 
interest in our community for various reasons.)



The simplest action that supports a (“bottom-up”) 
holographic dictionary for such doped matter is:

3

The spirit of the discussion of this paper will be similar
to that of [3]; we will not restrict to any specific theory.
Since Einstein gravity coupled to matter fields captures
universal features of a large class of field theories with
a gravity dual, we will simply work with this universal
sector, essentially scanning many possible CFTs.5

The role played by the IR CFT in determining the
low-frequency form of the Green’s functions of the d-
dimensional theory requires some explanation. Each op-
erator O in the UV theory gives rise to a tower of op-
erators Ok⃗ in the IR CFT labeled by spatial momentum

k⃗. The small ω expansion of the retarded Green function
GR(ω, k⃗) for O contains an analytic part which is gov-
erned by the UV physics and a non-analytic part which
is proportional to the retarded Green function of Ok⃗ in
the IR CFT. What kind of low-energy behavior occurs
depends on the dimension δk of the operator Ok⃗ in the

IR CFT and the behavior of GR(ω = 0, k⃗).6 For example,
when δk is complex one finds the log-periodic behavior
described earlier. When GR(ω = 0, k⃗) has a pole at some
finite momentum |⃗k| = kF (with δkF real), one then finds

gapless excitations around |⃗k| = kF indicative of a Fermi
surface.

Our discussion is general and should be applicable to
operators of any spin. In particular both types of scal-
ing behavior mentioned earlier for spinors also applies
to scalars. But due to Bose statistics of the operator in
the boundary theory, this behavior is associated with in-
stabilities of the ground state. In contrast, there is no
instability for spinors even when the dimension is com-
plex.

Our results give a nice understanding of the low-energy
scaling behavior around the Fermi surface. The scaling
exponents are controlled by the dimension of the corre-
sponding operator in the IR CFT. When the operator is
relevant (in the IR CFT), the quasi-particle is unstable.
Its width is linearly proportional to its energy and the
quasi-particle residue vanishes approaching the fermi sur-
face. When the operator is irrelevant, the quasi-particle
becomes stable, scaling toward the Fermi surface with
a nonzero quasi-particle residue. When the operator is
marginal the spectral function then has the form for a
“marginal Fermi liquid” introduced in the phenomeno-
logical study of the normal state of high Tc cuprates [8].

It is also worth emphasizing two important features of
our system. The first is that in the IR, the theory has not
only an emergent scaling symmetry but an SL(2, R) con-
formal symmetry (maybe even Virasoro algebra). The
other is the critical behavior (including around the Fermi
surfaces) only appears in the frequency, not in the spatial

5 The caveat is there may exist certain operator dimensions or
charges which do not arise in a consistent gravity theory with
UV completion.

6 The behavior at exactly zero frequency GR(ω = 0, k⃗) is con-
trolled by UV physics, not by the IR CFT.

momentum directions.
The plan of the paper is as follows. In §2, we introduce

the charged AdS black hole and its AdS2 near-horizon
region. In §3, we determine the low energy behavior of
Green’s functions in the dual field theory, using scalars as
illustration. The discussion for spinors is rather parallel
and presented in Appendix A. In §IV–VI, we apply this
result to demonstrate three forms of emergent quantum
critical behavior in the dual field theory: scaling behavior
of the spectral density (§IV), periodic behavior in logω at
small momentum (§V), and finally (§VI) the Fermi sur-
faces found in [3]. We conclude in §VII with a discussion
of various results and possible future generalizations. We
have included various technical appendices. In particu-
lar in Appendix D we give retarded functions of charged
scalars and spinors in the AdS2/CFT1 correspondence.

II. CHARGED BLACK HOLES IN ADS AND
EMERGENT INFRARED CFT

A. Black hole geometry

Consider a d-dimensional conformal field theory (CFT)
with a global U(1) symmetry that has a gravity dual. At
finite charge density, the system can be described by a
charged black hole in d + 1-dimensional anti-de Sitter
spacetime (AdSd+1) [5] with the current Jµ in the CFT
mapped to a U(1) gauge field AM in AdS.

The action for a vector field AM coupled to AdSd+1

gravity can be written as

S =
1

2κ2

∫

dd+1x
√
−g

[

R +
d(d − 1)

R2
− R2

g2
F

FMNFMN

]

(1)
where g2

F is an effective dimensionless gauge coupling7

and R is the curvature radius of AdS. The equations of
motion following from (1) are solved by the geometry of
a charged black hole [5, 9]

ds2 ≡ gMNdxMdxN =
r2

R2
(−fdt2 + dx⃗2) +

R2

r2

dr2

f
(2)

with

f = 1 +
Q2

r2d−2
− M

rd
, At = µ

(

1 − rd−2
0

rd−2

)

. (3)

r0 is the horizon radius determined by the largest positive
root of the redshift factor

f(r0) = 0, → M = rd
0 +

Q2

rd−2
0

(4)

7 It is defined so that for a typical supergravity Lagrangian it is a
constant of order O(1). gF is related in the boundary theory to
the normalization of the two point function of Jµ.

3

The spirit of the discussion of this paper will be similar
to that of [3]; we will not restrict to any specific theory.
Since Einstein gravity coupled to matter fields captures
universal features of a large class of field theories with
a gravity dual, we will simply work with this universal
sector, essentially scanning many possible CFTs.5

The role played by the IR CFT in determining the
low-frequency form of the Green’s functions of the d-
dimensional theory requires some explanation. Each op-
erator O in the UV theory gives rise to a tower of op-
erators Ok⃗ in the IR CFT labeled by spatial momentum

k⃗. The small ω expansion of the retarded Green function
GR(ω, k⃗) for O contains an analytic part which is gov-
erned by the UV physics and a non-analytic part which
is proportional to the retarded Green function of Ok⃗ in
the IR CFT. What kind of low-energy behavior occurs
depends on the dimension δk of the operator Ok⃗ in the

IR CFT and the behavior of GR(ω = 0, k⃗).6 For example,
when δk is complex one finds the log-periodic behavior
described earlier. When GR(ω = 0, k⃗) has a pole at some
finite momentum |⃗k| = kF (with δkF real), one then finds

gapless excitations around |⃗k| = kF indicative of a Fermi
surface.

Our discussion is general and should be applicable to
operators of any spin. In particular both types of scal-
ing behavior mentioned earlier for spinors also applies
to scalars. But due to Bose statistics of the operator in
the boundary theory, this behavior is associated with in-
stabilities of the ground state. In contrast, there is no
instability for spinors even when the dimension is com-
plex.

Our results give a nice understanding of the low-energy
scaling behavior around the Fermi surface. The scaling
exponents are controlled by the dimension of the corre-
sponding operator in the IR CFT. When the operator is
relevant (in the IR CFT), the quasi-particle is unstable.
Its width is linearly proportional to its energy and the
quasi-particle residue vanishes approaching the fermi sur-
face. When the operator is irrelevant, the quasi-particle
becomes stable, scaling toward the Fermi surface with
a nonzero quasi-particle residue. When the operator is
marginal the spectral function then has the form for a
“marginal Fermi liquid” introduced in the phenomeno-
logical study of the normal state of high Tc cuprates [8].

It is also worth emphasizing two important features of
our system. The first is that in the IR, the theory has not
only an emergent scaling symmetry but an SL(2, R) con-
formal symmetry (maybe even Virasoro algebra). The
other is the critical behavior (including around the Fermi
surfaces) only appears in the frequency, not in the spatial

5 The caveat is there may exist certain operator dimensions or
charges which do not arise in a consistent gravity theory with
UV completion.

6 The behavior at exactly zero frequency GR(ω = 0, k⃗) is con-
trolled by UV physics, not by the IR CFT.

momentum directions.
The plan of the paper is as follows. In §2, we introduce

the charged AdS black hole and its AdS2 near-horizon
region. In §3, we determine the low energy behavior of
Green’s functions in the dual field theory, using scalars as
illustration. The discussion for spinors is rather parallel
and presented in Appendix A. In §IV–VI, we apply this
result to demonstrate three forms of emergent quantum
critical behavior in the dual field theory: scaling behavior
of the spectral density (§IV), periodic behavior in logω at
small momentum (§V), and finally (§VI) the Fermi sur-
faces found in [3]. We conclude in §VII with a discussion
of various results and possible future generalizations. We
have included various technical appendices. In particu-
lar in Appendix D we give retarded functions of charged
scalars and spinors in the AdS2/CFT1 correspondence.

II. CHARGED BLACK HOLES IN ADS AND
EMERGENT INFRARED CFT

A. Black hole geometry

Consider a d-dimensional conformal field theory (CFT)
with a global U(1) symmetry that has a gravity dual. At
finite charge density, the system can be described by a
charged black hole in d + 1-dimensional anti-de Sitter
spacetime (AdSd+1) [5] with the current Jµ in the CFT
mapped to a U(1) gauge field AM in AdS.

The action for a vector field AM coupled to AdSd+1

gravity can be written as

S =
1

2κ2

∫

dd+1x
√
−g

[

R +
d(d − 1)

R2
− R2

g2
F

FMNFMN

]

(1)
where g2

F is an effective dimensionless gauge coupling7

and R is the curvature radius of AdS. The equations of
motion following from (1) are solved by the geometry of
a charged black hole [5, 9]

ds2 ≡ gMNdxMdxN =
r2

R2
(−fdt2 + dx⃗2) +

R2

r2

dr2

f
(2)

with

f = 1 +
Q2

r2d−2
− M

rd
, At = µ

(

1 − rd−2
0

rd−2

)

. (3)

r0 is the horizon radius determined by the largest positive
root of the redshift factor

f(r0) = 0, → M = rd
0 +

Q2

rd−2
0

(4)

7 It is defined so that for a typical supergravity Lagrangian it is a
constant of order O(1). gF is related in the boundary theory to
the normalization of the two point function of Jµ.

3

The spirit of the discussion of this paper will be similar
to that of [3]; we will not restrict to any specific theory.
Since Einstein gravity coupled to matter fields captures
universal features of a large class of field theories with
a gravity dual, we will simply work with this universal
sector, essentially scanning many possible CFTs.5

The role played by the IR CFT in determining the
low-frequency form of the Green’s functions of the d-
dimensional theory requires some explanation. Each op-
erator O in the UV theory gives rise to a tower of op-
erators Ok⃗ in the IR CFT labeled by spatial momentum

k⃗. The small ω expansion of the retarded Green function
GR(ω, k⃗) for O contains an analytic part which is gov-
erned by the UV physics and a non-analytic part which
is proportional to the retarded Green function of Ok⃗ in
the IR CFT. What kind of low-energy behavior occurs
depends on the dimension δk of the operator Ok⃗ in the

IR CFT and the behavior of GR(ω = 0, k⃗).6 For example,
when δk is complex one finds the log-periodic behavior
described earlier. When GR(ω = 0, k⃗) has a pole at some
finite momentum |⃗k| = kF (with δkF real), one then finds

gapless excitations around |⃗k| = kF indicative of a Fermi
surface.

Our discussion is general and should be applicable to
operators of any spin. In particular both types of scal-
ing behavior mentioned earlier for spinors also applies
to scalars. But due to Bose statistics of the operator in
the boundary theory, this behavior is associated with in-
stabilities of the ground state. In contrast, there is no
instability for spinors even when the dimension is com-
plex.

Our results give a nice understanding of the low-energy
scaling behavior around the Fermi surface. The scaling
exponents are controlled by the dimension of the corre-
sponding operator in the IR CFT. When the operator is
relevant (in the IR CFT), the quasi-particle is unstable.
Its width is linearly proportional to its energy and the
quasi-particle residue vanishes approaching the fermi sur-
face. When the operator is irrelevant, the quasi-particle
becomes stable, scaling toward the Fermi surface with
a nonzero quasi-particle residue. When the operator is
marginal the spectral function then has the form for a
“marginal Fermi liquid” introduced in the phenomeno-
logical study of the normal state of high Tc cuprates [8].

It is also worth emphasizing two important features of
our system. The first is that in the IR, the theory has not
only an emergent scaling symmetry but an SL(2, R) con-
formal symmetry (maybe even Virasoro algebra). The
other is the critical behavior (including around the Fermi
surfaces) only appears in the frequency, not in the spatial

5 The caveat is there may exist certain operator dimensions or
charges which do not arise in a consistent gravity theory with
UV completion.

6 The behavior at exactly zero frequency GR(ω = 0, k⃗) is con-
trolled by UV physics, not by the IR CFT.

momentum directions.
The plan of the paper is as follows. In §2, we introduce

the charged AdS black hole and its AdS2 near-horizon
region. In §3, we determine the low energy behavior of
Green’s functions in the dual field theory, using scalars as
illustration. The discussion for spinors is rather parallel
and presented in Appendix A. In §IV–VI, we apply this
result to demonstrate three forms of emergent quantum
critical behavior in the dual field theory: scaling behavior
of the spectral density (§IV), periodic behavior in logω at
small momentum (§V), and finally (§VI) the Fermi sur-
faces found in [3]. We conclude in §VII with a discussion
of various results and possible future generalizations. We
have included various technical appendices. In particu-
lar in Appendix D we give retarded functions of charged
scalars and spinors in the AdS2/CFT1 correspondence.

II. CHARGED BLACK HOLES IN ADS AND
EMERGENT INFRARED CFT

A. Black hole geometry

Consider a d-dimensional conformal field theory (CFT)
with a global U(1) symmetry that has a gravity dual. At
finite charge density, the system can be described by a
charged black hole in d + 1-dimensional anti-de Sitter
spacetime (AdSd+1) [5] with the current Jµ in the CFT
mapped to a U(1) gauge field AM in AdS.

The action for a vector field AM coupled to AdSd+1

gravity can be written as

S =
1

2κ2

∫

dd+1x
√
−g

[

R +
d(d − 1)

R2
− R2

g2
F

FMNFMN

]

(1)
where g2

F is an effective dimensionless gauge coupling7

and R is the curvature radius of AdS. The equations of
motion following from (1) are solved by the geometry of
a charged black hole [5, 9]

ds2 ≡ gMNdxMdxN =
r2

R2
(−fdt2 + dx⃗2) +

R2

r2

dr2

f
(2)

with

f = 1 +
Q2

r2d−2
− M

rd
, At = µ

(

1 − rd−2
0

rd−2

)

. (3)

r0 is the horizon radius determined by the largest positive
root of the redshift factor

f(r0) = 0, → M = rd
0 +

Q2

rd−2
0

(4)

7 It is defined so that for a typical supergravity Lagrangian it is a
constant of order O(1). gF is related in the boundary theory to
the normalization of the two point function of Jµ.

The black hole solution takes the form:

with an “emblackening factor” and gauge field:
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Since Einstein gravity coupled to matter fields captures
universal features of a large class of field theories with
a gravity dual, we will simply work with this universal
sector, essentially scanning many possible CFTs.5

The role played by the IR CFT in determining the
low-frequency form of the Green’s functions of the d-
dimensional theory requires some explanation. Each op-
erator O in the UV theory gives rise to a tower of op-
erators Ok⃗ in the IR CFT labeled by spatial momentum

k⃗. The small ω expansion of the retarded Green function
GR(ω, k⃗) for O contains an analytic part which is gov-
erned by the UV physics and a non-analytic part which
is proportional to the retarded Green function of Ok⃗ in
the IR CFT. What kind of low-energy behavior occurs
depends on the dimension δk of the operator Ok⃗ in the

IR CFT and the behavior of GR(ω = 0, k⃗).6 For example,
when δk is complex one finds the log-periodic behavior
described earlier. When GR(ω = 0, k⃗) has a pole at some
finite momentum |⃗k| = kF (with δkF real), one then finds

gapless excitations around |⃗k| = kF indicative of a Fermi
surface.

Our discussion is general and should be applicable to
operators of any spin. In particular both types of scal-
ing behavior mentioned earlier for spinors also applies
to scalars. But due to Bose statistics of the operator in
the boundary theory, this behavior is associated with in-
stabilities of the ground state. In contrast, there is no
instability for spinors even when the dimension is com-
plex.

Our results give a nice understanding of the low-energy
scaling behavior around the Fermi surface. The scaling
exponents are controlled by the dimension of the corre-
sponding operator in the IR CFT. When the operator is
relevant (in the IR CFT), the quasi-particle is unstable.
Its width is linearly proportional to its energy and the
quasi-particle residue vanishes approaching the fermi sur-
face. When the operator is irrelevant, the quasi-particle
becomes stable, scaling toward the Fermi surface with
a nonzero quasi-particle residue. When the operator is
marginal the spectral function then has the form for a
“marginal Fermi liquid” introduced in the phenomeno-
logical study of the normal state of high Tc cuprates [8].

It is also worth emphasizing two important features of
our system. The first is that in the IR, the theory has not
only an emergent scaling symmetry but an SL(2, R) con-
formal symmetry (maybe even Virasoro algebra). The
other is the critical behavior (including around the Fermi
surfaces) only appears in the frequency, not in the spatial

5 The caveat is there may exist certain operator dimensions or
charges which do not arise in a consistent gravity theory with
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7 It is defined so that for a typical supergravity Lagrangian it is a
constant of order O(1). gF is related in the boundary theory to
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The spirit of the discussion of this paper will be similar
to that of [3]; we will not restrict to any specific theory.
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surfaces) only appears in the frequency, not in the spatial
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6 The behavior at exactly zero frequency GR(ω = 0, k⃗) is con-
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The black hole solution takes the form:

with an “emblackening factor” and gauge field:

Monday, July 11, 2011

The AdS/RN solution has a metric:

with gauge field and “emblackening factor”:

 

Chamblin, Emparan,
Johnson, Myers

Friday, July 20, 2012The extremal limit arises when Q reaches a value where f 
develops a double zero at the outer horizon.  This black 
brane represents the zero temperature ground state.

Thursday, October 25, 12

The charged black hole solution is known…

Work in progress:  at large d, there is a  
parametrically enhanced regime of validity 
of the results derived in the IR AdS2 region.

Blatant ad:  See Milind’s poster.


