
Topological UQM Overview I 
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• Lattice model
• Exactly solvable
• Quantum Codes

• Continuum description
• Tensor gauge theory
• Gapless modes

Why?



Tensor gauge theory

Gauss’s Law

@iEi = ⇢

Vector gauge theory Ei, i = x, y, z
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Tensor gauge theory

(Rank 2) Tensor gauge theory

Gauss’s Law
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Eij , i, j = x, y, z
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Higgsing tensor gauge theory 

Higgs U(1) down to Z2, fracton regain mobility

U(1) tensor gauge theory

Z2 (vector) gauge theory

fracton

Mobile
excitation
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1 1

Bulmash, Barkeshli, 2018; Ma, Hermele, Chen, 2018

Stronger constraint: subsystem symmetry



Subsystem Symmetry

Vijay, Haah, Fu, You, Devakul, Burnell, Williamson, Sondhi, Dua, Cheng, Kubika, Yoshida…
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X-cube model
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Log(Ground state degeneracy) = 6L-3

Vijay, Haah, Fu, 16



X-cube model
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Lineon excitations:

X X X X X

Vijay, Haah, Fu, 16



Open questions and progress
q Construction of models
• data collection

q Physical mechanism?
• making connection with known systems

q How to characterize a fracton phase?
• universal properties, relations between models

q Realization
• simpler model, more realistic setup



Fracton vs. Topological Order

Similarities
§ Gapped fractional excitation
§ Robust ground state degeneracy on torus
§ Nontrivial entanglement measures



Fracton vs. Topological Order
Relation
§ Coupled layer
§ Foliation
§ Gauging subsystem symmetry
§ Condensation, Higgs
§ …



Fracton vs. Topological Order

Differences
§ Excitations – restriction on mobility
§ Degeneracy – extensive vs. constant
§ Description in terms of field theory
§ Entanglement Renormalization



Entanglement 
Renormalization of 
Subsystem Gauge Theories

XIE CHEN, CALTECH

UQM, SEP 2019

Wilbur Shirley Kevin Slagle



Real Space RG

Wilson, 1979

Ising
Model

T < Tc
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Entanglement RG
Zero T quantum phase, Gapped ground state

Local Unitary 
Gate

Finite Depth 
Quantum Circuit

Ground State 
Wave Function



Entanglement RG
Zero T quantum phase, Gapped ground state

At fixed points, RG is reversible.



Topological Order
Toric Code
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• 4-fold ground 
state degeneracy 
on torus

• Fractional e and 
m excitations

• Topological 
braiding statistics



Topological Order
Toric Code

X<latexit sha1_base64="jeDrv6VTTNgtjuHVWz8V4H4lYUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWanb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AbSfjNg=</latexit>

Controlled-X gate
0

BB@

1
1

1
1

1

CCA

<latexit sha1_base64="EVUoJFGmIvb+RZApN768dWI1J1w=">AAACMXicbVDLSgMxFM34rPU16tJNsFhclZkqKK4KbrqsYB/QKSWT3rahmcyQZMQy9Jfc+CfipgtF3PoTZtrBR+sNCYdz7iH3Hj/iTGnHmVorq2vrG5u5rfz2zu7evn1w2FBhLCnUachD2fKJAs4E1DXTHFqRBBL4HJr+6CbVm/cgFQvFnR5H0AnIQLA+o0QbqmtXPR8GTCRRQLRkDxPs4uLseJ553B9YxDglMpwK2APR+zZ27YJTcmaFl4GbgQLKqta1n71eSOMAhKacKNV2nUh3EiI1oxwmeS9WEBE6IgNoGyhIAKqTzDae4FPD9HA/lOYKjWfsb0dCAqXGgW86zXxDtail5H9aO9b9q07CRBRrEHT+UT/mWIc4jQ/3mASq+dgAQiUzs2I6JJJQbULOmxDcxZWXQaNccs9L5duLQuU6iyOHjtEJOkMuukQVVEU1VEcUPaIX9IrerCdrar1bH/PWFSvzHKE/ZX1+ARf5otk=</latexit>

Aguado, Vidal, 2007



Topological Order
Toric Code

Z
<latexit sha1_base64="rKX55xxYTMQZXVM613tIukZ3ZAY=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI8kXjxCIo8IGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSzvzSRBP6JDyUPOqLFS46FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCpl76pcaVRLtWoWRx7O4BwuwYNrqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/ALXZjNQ=</latexit>

X
<latexit sha1_base64="gJdSveAUdNxDCI/zKP4mFWOV8/A=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU7A5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyvedaXarJXrtTyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBstGM0g==</latexit>

Aguado, Vidal, 2008



Topological Order

q Works for all string net, quantum doubles

q Expected to work for all topological orders

q “Liquid” topo order

Finite 
Depth 
Circuit

H(L)⌦Hproduct ! H(2L)
<latexit sha1_base64="yyXIzv7tfFERTPDP4mujHAaoVLs=">AAACGnicbVC7SgNBFJ31GeNr1dJmMAhJE3ajoGXQJkWKCOYB2RBmJ5NkyOzOMnNXDct+h42/YmOhiJ3Y+DdOHoUmHrhwOOde7r3HjwTX4Djf1srq2vrGZmYru72zu7dvHxw2tIwVZXUqhVQtn2gmeMjqwEGwVqQYCXzBmv7oeuI375jSXIa3MI5YJyCDkPc5JWCkru1W8tUC9iTwgGlc6SYesAdIIiV7MYU0xZ7igyEQpeQ9ruRL1ULXzjlFZwq8TNw5yaE5al370+tJGgcsBCqI1m3XiaCTEAWcCpZmvViziNARGbC2oSExl3SS6WspPjVKD/elMhUCnqq/JxISaD0OfNMZEBjqRW8i/ue1Y+hfdhIeRjGwkM4W9WOBQeJJTrjHFaMgxoYQqri5FdMhUYSCSTNrQnAXX14mjVLRPSuWbs5z5at5HBl0jE5QHrnoApVRBdVQHVH0iJ7RK3qznqwX6936mLWuWPOZI/QH1tcPPvegYA==</latexit>

⌦
<latexit sha1_base64="ovRNf7q3nyBJSILjhaQ8/mRQUgg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2WTI7Mwy0yuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6m/mtJ26s0OoRxykPEzpQIhaMopNaXY0i4bZXKvsVfw6ySoKclCFHvVf66vY1yxKukElqbSfwUwwn1KBgkk+L3czylLIRHfCOo4q6JeFkfu6UnDulT2JtXCkkc/X3xIQm1o6TyHUmFId22ZuJ/3mdDOObcCJUmiFXbLEoziRBTWa/k74wnKEcO0KZEe5WwobUUIYuoaILIVh+eZU0q5XgslJ9uCrXbvM4CnAKZ3ABAVxDDe6hDg1gMIJneIU3L/VevHfvY9G65uUzJ/AH3ucPhzmPsQ==</latexit>

Aguado, Vidal, 2008; Gu, Levin, Swingle, Wen, 2009; Konig, Reichardt, Vidal, 2009 



Haah, 2011

Fracton Order: Haah’s code
Gapped

Ground State Degeneracy 2k<latexit sha1_base64="ldKgTq42MrPxyzK7ZWR4tRipdrE=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSyb7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYT10bE6gEnCfcjOlQiFIyite5rj+N+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwD3Yo2T</latexit><latexit sha1_base64="ldKgTq42MrPxyzK7ZWR4tRipdrE=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSyb7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYT10bE6gEnCfcjOlQiFIyite5rj+N+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwD3Yo2T</latexit><latexit sha1_base64="ldKgTq42MrPxyzK7ZWR4tRipdrE=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSyb7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYT10bE6gEnCfcjOlQiFIyite5rj+N+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwD3Yo2T</latexit><latexit sha1_base64="ldKgTq42MrPxyzK7ZWR4tRipdrE=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSyb7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYT10bE6gEnCfcjOlQiFIyite5rj+N+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwD3Yo2T</latexit>



Fracton Order
Haah’s code

HA(L)⌦HB(L) ! HA(2L)

HB(L)⌦HB(L) ! HB(2L)
<latexit sha1_base64="EUVZUZNi3Gob1KBDrHhtZY/AtW4=">AAACP3icfVA9TwJBEN3DL8SvU0ubjcQEG3KHJloiNhQWmMhHAuSytyywYe/2sjunIYR/ZuNfsLO1sdAYWzv3ABMF4ySbvHnvTWbn+ZHgGhznyUotLa+srqXXMxubW9s79u5eTctYUValUkjV8IlmgoesChwEa0SKkcAXrO4PLhO9fsuU5jK8gWHE2gHphbzLKQFDeXat7F3kro5xSwIPmMZlrzRpFe/1gSgl73DiKCRcK/Ot/mcuJWbPzjp5Z1J4EbgzkEWzqnj2Y6sjaRywEKggWjddJ4L2iCjgVLBxphVrFhE6ID3WNDAkZn97NLl/jI8M08FdqcwLAU/YnxMjEmg9DHzjDAj09byWkH9pzRi65+0RD6MYWEini7qxwCBxEibucMUoiKEBhCpu/oppnyhCwUSeMSG48ycvgloh757kC9en2WJpFkcaHaBDlEMuOkNFVEYVVEUU3aNn9IrerAfrxXq3PqbWlDWb2Ue/yvr8ArQmqpc=</latexit>

HA
<latexit sha1_base64="Yi0wMljlBxgQp1IxDC7muODGZDc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI+oF44Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2L1iOOE+xEdKBEKRtFKD7XeTa9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStm7KFfuL0vV2yyOPJzAKZyDB1dQhRrUoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8A3A+NhA==</latexit>

HB
<latexit sha1_base64="VrD5rJDj7SmiYvrhmlkERnttnqA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI8ELxwxyiOBDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzTRGP6QjyYecUWOlh3q/1i+W3LK7AFknXkZKkKHRL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGd76KZdxYlCy5aJhIoiJyPxvMuAKmRFTSyhT3N5K2JgqyoxNp2BD8FZfXietStm7Klfur0vVWhZHHs7gHC7BgxuoQh0a0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz/dk42F</latexit>

AB bifurcation

Self bifurcation

Haah, 2013



Fracton Order: X-cube model
HA(L)⌦HB(L) ! HA(2L)

HB(L)⌦HB(L) ! HB(2L)
<latexit sha1_base64="EUVZUZNi3Gob1KBDrHhtZY/AtW4=">AAACP3icfVA9TwJBEN3DL8SvU0ubjcQEG3KHJloiNhQWmMhHAuSytyywYe/2sjunIYR/ZuNfsLO1sdAYWzv3ABMF4ySbvHnvTWbn+ZHgGhznyUotLa+srqXXMxubW9s79u5eTctYUValUkjV8IlmgoesChwEa0SKkcAXrO4PLhO9fsuU5jK8gWHE2gHphbzLKQFDeXat7F3kro5xSwIPmMZlrzRpFe/1gSgl73DiKCRcK/Ot/mcuJWbPzjp5Z1J4EbgzkEWzqnj2Y6sjaRywEKggWjddJ4L2iCjgVLBxphVrFhE6ID3WNDAkZn97NLl/jI8M08FdqcwLAU/YnxMjEmg9DHzjDAj09byWkH9pzRi65+0RD6MYWEini7qxwCBxEibucMUoiKEBhCpu/oppnyhCwUSeMSG48ycvgloh757kC9en2WJpFkcaHaBDlEMuOkNFVEYVVEUU3aNn9IrerAfrxXq3PqbWlDWb2Ue/yvr8ArQmqpc=</latexit>

HA
<latexit sha1_base64="Yi0wMljlBxgQp1IxDC7muODGZDc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI+oF44Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2L1iOOE+xEdKBEKRtFKD7XeTa9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStm7KFfuL0vV2yyOPJzAKZyDB1dQhRrUoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8A3A+NhA==</latexit>

X
X

X
XX X

X X
XX

X X

Z

Z
Z Z Z Z

Z
Z

Z
Z

Z

Z

HB
<latexit sha1_base64="VrD5rJDj7SmiYvrhmlkERnttnqA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI8ELxwxyiOBDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzTRGP6QjyYecUWOlh3q/1i+W3LK7AFknXkZKkKHRL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGd76KZdxYlCy5aJhIoiJyPxvMuAKmRFTSyhT3N5K2JgqyoxNp2BD8FZfXietStm7Klfur0vVWhZHHs7gHC7BgxuoQh0a0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz/dk42F</latexit>

Z

Z
Z Z

X
X X
X

Stacks of 2D 
Toric Code

Shirley, Slagle, Wang, Chen, 2018

AB bifurcation

Self bifurcation



Why the difference in RG?

• When do models self-bifurcate?
• When do they AB-bifurcate?
• Other RG possibilities?

Topological / 
fracton order

Paramagnet with 
global / subsystem 
symmetry

Ungauge

Gauge



Toric Code as Gauge Theory
Toric Code Ungauge

GaugeZ2 gauge theory

Paramagnet with 
global Z2 symmetry

X<latexit sha1_base64="jeDrv6VTTNgtjuHVWz8V4H4lYUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWanb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AbSfjNg=</latexit>

H = �
X

i

Xi

<latexit sha1_base64="lb6eHbcmXO3+gO7jvONjI1pEWK0=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwYtmtgl6EopceK9gPaJclm6ZtaJJdkmyhLP0nXjwo4tV/4s1/Y9ruQVsfDDzem2FmXpRwpo3nfTtr6xubW9uFneLu3v7BoXt03NRxqghtkJjHqh1hTTmTtGGY4bSdKIpFxGkrGj3M/NaYKs1i+WQmCQ0EHkjWZwQbK4WuW0N36BJ1dSpChtohC92SV/bmQKvEz0kJctRD96vbi0kqqDSEY607vpeYIMPKMMLptNhNNU0wGeEB7VgqsaA6yOaXT9G5VXqoHytb0qC5+nsiw0LriYhsp8BmqJe9mfif10lN/zbImExSQyVZLOqnHJkYzWJAPaYoMXxiCSaK2VsRGWKFibFhFW0I/vLLq6RZKftX5crjdal6n8dRgFM4gwvw4QaqUIM6NIDAGJ7hFd6czHlx3p2PReuak8+cwB84nz83LpIa</latexit>

U =
Y

i

Xi

<latexit sha1_base64="A7Eu8Ti5KdPyN85bRqh51Z88tw0=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSBb0IRS8eK5i20Iaw2WzapZts2N0ItfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHGmdKO822V1tY3NrfK25Wd3b39qn1w2FYil4R6RHAhuyFWlLOUepppTruZpDgJOe2Eo9uZ33mkUjGRPuhxRv0ED1IWM4K1kQK76qFr1M+kiAKGugEL7JpTd+ZAq8QtSA0KtAL7qx8Jkic01YRjpXquk2l/gqVmhNNppZ8rmmEywgPaMzTFCVX+ZH74FJ0aJUKxkKZSjebq74kJTpQaJ6HpTLAeqmVvJv7n9XIdX/kTlma5pilZLIpzjrRAsxRQxCQlmo8NwUQycysiQywx0SarignBXX55lbQbdfe83ri/qDVvijjKcAwncAYuXEIT7qAFHhDI4Rle4c16sl6sd+tj0Vqyipkj+APr8wdDNZIw</latexit>

X<latexit sha1_base64="jeDrv6VTTNgtjuHVWz8V4H4lYUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWanb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AbSfjNg=</latexit>



Toric Code as Gauge Theory
Toric Code Ungauge

GaugeZ2 gauge theory

Paramagnet with 
global Z2 symmetry

H = �
X

i

Xi

<latexit sha1_base64="lb6eHbcmXO3+gO7jvONjI1pEWK0=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwYtmtgl6EopceK9gPaJclm6ZtaJJdkmyhLP0nXjwo4tV/4s1/Y9ruQVsfDDzem2FmXpRwpo3nfTtr6xubW9uFneLu3v7BoXt03NRxqghtkJjHqh1hTTmTtGGY4bSdKIpFxGkrGj3M/NaYKs1i+WQmCQ0EHkjWZwQbK4WuW0N36BJ1dSpChtohC92SV/bmQKvEz0kJctRD96vbi0kqqDSEY607vpeYIMPKMMLptNhNNU0wGeEB7VgqsaA6yOaXT9G5VXqoHytb0qC5+nsiw0LriYhsp8BmqJe9mfif10lN/zbImExSQyVZLOqnHJkYzWJAPaYoMXxiCSaK2VsRGWKFibFhFW0I/vLLq6RZKftX5crjdal6n8dRgFM4gwvw4QaqUIM6NIDAGJ7hFd6czHlx3p2PReuak8+cwB84nz83LpIa</latexit>

U =
Y

i

Xi

<latexit sha1_base64="A7Eu8Ti5KdPyN85bRqh51Z88tw0=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSBb0IRS8eK5i20Iaw2WzapZts2N0ItfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHGmdKO822V1tY3NrfK25Wd3b39qn1w2FYil4R6RHAhuyFWlLOUepppTruZpDgJOe2Eo9uZ33mkUjGRPuhxRv0ED1IWM4K1kQK76qFr1M+kiAKGugEL7JpTd+ZAq8QtSA0KtAL7qx8Jkic01YRjpXquk2l/gqVmhNNppZ8rmmEywgPaMzTFCVX+ZH74FJ0aJUKxkKZSjebq74kJTpQaJ6HpTLAeqmVvJv7n9XIdX/kTlma5pilZLIpzjrRAsxRQxCQlmo8NwUQycysiQywx0SarignBXX55lbQbdfe83ri/qDVvijjKcAwncAYuXEIT7qAFHhDI4Rle4c16sl6sd+tj0Vqyipkj+APr8wdDNZIw</latexit>



Toric Code as Gauge Theory
Toric Code Ungauge

GaugeZ2 gauge theory

Paramagnet with 
global Z2 symmetry

H = �
X

i

Xi

<latexit sha1_base64="lb6eHbcmXO3+gO7jvONjI1pEWK0=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwYtmtgl6EopceK9gPaJclm6ZtaJJdkmyhLP0nXjwo4tV/4s1/Y9ruQVsfDDzem2FmXpRwpo3nfTtr6xubW9uFneLu3v7BoXt03NRxqghtkJjHqh1hTTmTtGGY4bSdKIpFxGkrGj3M/NaYKs1i+WQmCQ0EHkjWZwQbK4WuW0N36BJ1dSpChtohC92SV/bmQKvEz0kJctRD96vbi0kqqDSEY607vpeYIMPKMMLptNhNNU0wGeEB7VgqsaA6yOaXT9G5VXqoHytb0qC5+nsiw0LriYhsp8BmqJe9mfif10lN/zbImExSQyVZLOqnHJkYzWJAPaYoMXxiCSaK2VsRGWKFibFhFW0I/vLLq6RZKftX5crjdal6n8dRgFM4gwvw4QaqUIM6NIDAGJ7hFd6czHlx3p2PReuak8+cwB84nz83LpIa</latexit>

U =
Y

i

Xi

<latexit sha1_base64="A7Eu8Ti5KdPyN85bRqh51Z88tw0=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSBb0IRS8eK5i20Iaw2WzapZts2N0ItfSXePGgiFd/ijf/jds2B219MPB4b4aZeWHGmdKO822V1tY3NrfK25Wd3b39qn1w2FYil4R6RHAhuyFWlLOUepppTruZpDgJOe2Eo9uZ33mkUjGRPuhxRv0ED1IWM4K1kQK76qFr1M+kiAKGugEL7JpTd+ZAq8QtSA0KtAL7qx8Jkic01YRjpXquk2l/gqVmhNNppZ8rmmEywgPaMzTFCVX+ZH74FJ0aJUKxkKZSjebq74kJTpQaJ6HpTLAeqmVvJv7n9XIdX/kTlma5pilZLIpzjrRAsxRQxCQlmo8NwUQycysiQywx0SarignBXX55lbQbdfe83ri/qDVvijjKcAwncAYuXEIT7qAFHhDI4Rle4c16sl6sd+tj0Vqyipkj+APr8wdDNZIw</latexit>

Z
<latexit sha1_base64="rKX55xxYTMQZXVM613tIukZ3ZAY=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI8kXjxCIo8IGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSzvzSRBP6JDyUPOqLFS46FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCpl76pcaVRLtWoWRx7O4BwuwYNrqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/ALXZjNQ=</latexit>

X
<latexit sha1_base64="gJdSveAUdNxDCI/zKP4mFWOV8/A=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU7A5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyvedaXarJXrtTyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBstGM0g==</latexit>



X-cube as Gauge Theory

X-cube
Ungauge

Gauge

Paramagnet with 
subsystem (planar) Z2
symmetry

H = �
X

i

Xi

<latexit sha1_base64="lb6eHbcmXO3+gO7jvONjI1pEWK0=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwYtmtgl6EopceK9gPaJclm6ZtaJJdkmyhLP0nXjwo4tV/4s1/Y9ruQVsfDDzem2FmXpRwpo3nfTtr6xubW9uFneLu3v7BoXt03NRxqghtkJjHqh1hTTmTtGGY4bSdKIpFxGkrGj3M/NaYKs1i+WQmCQ0EHkjWZwQbK4WuW0N36BJ1dSpChtohC92SV/bmQKvEz0kJctRD96vbi0kqqDSEY607vpeYIMPKMMLptNhNNU0wGeEB7VgqsaA6yOaXT9G5VXqoHytb0qC5+nsiw0LriYhsp8BmqJe9mfif10lN/zbImExSQyVZLOqnHJkYzWJAPaYoMXxiCSaK2VsRGWKFibFhFW0I/vLLq6RZKftX5crjdal6n8dRgFM4gwvw4QaqUIM6NIDAGJ7hFd6czHlx3p2PReuak8+cwB84nz83LpIa</latexit>

Uxy =
Y

i2xy plane

Xi

<latexit sha1_base64="NYpnD3o+P+4DZtojmf2kwFxdwrI=">AAACGXicbVBNS8NAEN34bf2qevSyWARPJVFBDwqCF48VTC00IWy203Zxswm7E2kI/Rte/CtePCjiUU/+G7e1gl8PBh7vzTAzL86kMOi6787U9Mzs3PzCYmVpeWV1rbq+0TRprjn4PJWpbsXMgBQKfBQooZVpYEks4Sq+Phv5VzegjUjVJRYZhAnrKdEVnKGVoqrrR2WAMMByUAyH9IQGmU47USkCoeiXQTPJFFi7FYmoWnPr7hj0L/EmpEYmaETV16CT8jwBhVwyY9qem2FYMo2CSxhWgtxAxvg160HbUsUSMGE5/mxId6zSod1U21JIx+r3iZIlxhRJbDsThn3z2xuJ/3ntHLtHYSlUliMo/rmom0uKKR3FRDtCA0dZWMK4FvZWyvtMM442zIoNwfv98l/S3Kt7+/W9i4Pa6fEkjgWyRbbJLvHIITkl56RBfMLJLbknj+TJuXMenGfn5bN1ypnMbJIfcN4+AL+QoVo=</latexit>

Uyz =
Y

i2yz plane

Xi

<latexit sha1_base64="o8Ci2BZRJGxqi05uEXM6GwnZhf0=">AAACGXicbVBNS8NAEN34bf2qevSyWARPJamCHhQELx4VrBaaEjabSbt0swm7E7GG/g0v/hUvHhTxqCf/jdsawa8HA4/3ZpiZF2ZSGHTdd2dicmp6ZnZuvrKwuLS8Ul1duzBprjk0eSpT3QqZASkUNFGghFamgSWhhMuwfzzyL69AG5Gqcxxk0ElYV4lYcIZWCqpuMyh8hGssBjfDIT2kfqbTKCiELxT9MmgmmQJrtwIRVGtu3R2D/iVeSWqkxGlQffWjlOcJKOSSGdP23Aw7BdMouIRhxc8NZIz3WRfaliqWgOkU48+GdMsqEY1TbUshHavfJwqWGDNIQtuZMOyZ395I/M9r5xjvdwqhshxB8c9FcS4ppnQUE42EBo5yYAnjWthbKe8xzTjaMCs2BO/3y3/JRaPu7dQbZ7u1o4MyjjmyQTbJNvHIHjkiJ+SUNAknt+SePJIn5855cJ6dl8/WCaecWSc/4Lx9AMYEoV4=</latexit>

Uzx =
Y

i2zx plane

Xi

<latexit sha1_base64="+MU9ZDupVSUz9mS7f1ybECGCW7k=">AAACGXicbVBNS8NAEN34WetX1aOXxSJ4KokKelAoePFYwWqhKWGzmdbFzSbsTqQ19G948a948aCIRz35b9zWCFp9MPB4b4aZeWEqhUHX/XCmpmdm5+ZLC+XFpeWV1cra+oVJMs2hyROZ6FbIDEihoIkCJbRSDSwOJVyG1ycj//IGtBGJOsdBCp2Y9ZToCs7QSkHFbQa5j9DH/LY/HNJj6qc6iYJc+ELRb4OmkimwdisQQaXq1twx6F/iFaRKCjSCypsfJTyLQSGXzJi256bYyZlGwSUMy35mIGX8mvWgbaliMZhOPv5sSLetEtFuom0ppGP150TOYmMGcWg7Y4ZXZtIbif957Qy7h51cqDRDUPxrUTeTFBM6iolGQgNHObCEcS3srZRfMc042jDLNgRv8uW/5GK35u3Vds/2q/WjIo4S2SRbZId45IDUySlpkCbh5I48kCfy7Nw7j86L8/rVOuUUMxvkF5z3T8LNoVw=</latexit>

X
X

X
XX X

X X
XX

X X

Z

Z
Z Z Z Z

Z
Z

Z
Z

Z

Z

Vijay, Haah, Fu, 2016



X-cube as Gauge Theory 

H = �
X

i

Xi

<latexit sha1_base64="lb6eHbcmXO3+gO7jvONjI1pEWK0=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwYtmtgl6EopceK9gPaJclm6ZtaJJdkmyhLP0nXjwo4tV/4s1/Y9ruQVsfDDzem2FmXpRwpo3nfTtr6xubW9uFneLu3v7BoXt03NRxqghtkJjHqh1hTTmTtGGY4bSdKIpFxGkrGj3M/NaYKs1i+WQmCQ0EHkjWZwQbK4WuW0N36BJ1dSpChtohC92SV/bmQKvEz0kJctRD96vbi0kqqDSEY607vpeYIMPKMMLptNhNNU0wGeEB7VgqsaA6yOaXT9G5VXqoHytb0qC5+nsiw0LriYhsp8BmqJe9mfif10lN/zbImExSQyVZLOqnHJkYzWJAPaYoMXxiCSaK2VsRGWKFibFhFW0I/vLLq6RZKftX5crjdal6n8dRgFM4gwvw4QaqUIM6NIDAGJ7hFd6czHlx3p2PReuak8+cwB84nz83LpIa</latexit>

Uxy =
Y

i2xy plane

Xi

<latexit sha1_base64="NYpnD3o+P+4DZtojmf2kwFxdwrI=">AAACGXicbVBNS8NAEN34bf2qevSyWARPJVFBDwqCF48VTC00IWy203Zxswm7E2kI/Rte/CtePCjiUU/+G7e1gl8PBh7vzTAzL86kMOi6787U9Mzs3PzCYmVpeWV1rbq+0TRprjn4PJWpbsXMgBQKfBQooZVpYEks4Sq+Phv5VzegjUjVJRYZhAnrKdEVnKGVoqrrR2WAMMByUAyH9IQGmU47USkCoeiXQTPJFFi7FYmoWnPr7hj0L/EmpEYmaETV16CT8jwBhVwyY9qem2FYMo2CSxhWgtxAxvg160HbUsUSMGE5/mxId6zSod1U21JIx+r3iZIlxhRJbDsThn3z2xuJ/3ntHLtHYSlUliMo/rmom0uKKR3FRDtCA0dZWMK4FvZWyvtMM442zIoNwfv98l/S3Kt7+/W9i4Pa6fEkjgWyRbbJLvHIITkl56RBfMLJLbknj+TJuXMenGfn5bN1ypnMbJIfcN4+AL+QoVo=</latexit>

Uyz =
Y

i2yz plane

Xi

<latexit sha1_base64="o8Ci2BZRJGxqi05uEXM6GwnZhf0=">AAACGXicbVBNS8NAEN34bf2qevSyWARPJamCHhQELx4VrBaaEjabSbt0swm7E7GG/g0v/hUvHhTxqCf/jdsawa8HA4/3ZpiZF2ZSGHTdd2dicmp6ZnZuvrKwuLS8Ul1duzBprjk0eSpT3QqZASkUNFGghFamgSWhhMuwfzzyL69AG5Gqcxxk0ElYV4lYcIZWCqpuMyh8hGssBjfDIT2kfqbTKCiELxT9MmgmmQJrtwIRVGtu3R2D/iVeSWqkxGlQffWjlOcJKOSSGdP23Aw7BdMouIRhxc8NZIz3WRfaliqWgOkU48+GdMsqEY1TbUshHavfJwqWGDNIQtuZMOyZ395I/M9r5xjvdwqhshxB8c9FcS4ppnQUE42EBo5yYAnjWthbKe8xzTjaMCs2BO/3y3/JRaPu7dQbZ7u1o4MyjjmyQTbJNvHIHjkiJ+SUNAknt+SePJIn5855cJ6dl8/WCaecWSc/4Lx9AMYEoV4=</latexit>

Uzx =
Y

i2zx plane

Xi

<latexit sha1_base64="+MU9ZDupVSUz9mS7f1ybECGCW7k=">AAACGXicbVBNS8NAEN34WetX1aOXxSJ4KokKelAoePFYwWqhKWGzmdbFzSbsTqQ19G948a948aCIRz35b9zWCFp9MPB4b4aZeWEqhUHX/XCmpmdm5+ZLC+XFpeWV1cra+oVJMs2hyROZ6FbIDEihoIkCJbRSDSwOJVyG1ycj//IGtBGJOsdBCp2Y9ZToCs7QSkHFbQa5j9DH/LY/HNJj6qc6iYJc+ELRb4OmkimwdisQQaXq1twx6F/iFaRKCjSCypsfJTyLQSGXzJi256bYyZlGwSUMy35mIGX8mvWgbaliMZhOPv5sSLetEtFuom0ppGP150TOYmMGcWg7Y4ZXZtIbif957Qy7h51cqDRDUPxrUTeTFBM6iolGQgNHObCEcS3srZRfMc042jDLNgRv8uW/5GK35u3Vds/2q/WjIo4S2SRbZId45IDUySlpkCbh5I48kCfy7Nw7j86L8/rVOuUUMxvkF5z3T8LNoVw=</latexit>

U 0 =
Y

i2plane’

Xi

<latexit sha1_base64="sNi8Jmo2JctRdX/LPm7E/TKLlxI=">AAACDHicbVC7SgNBFJ31GeMramkzGCRWYTcKWigEbCwjmAdkQ5id3CRDZmeXmbtiWPIBNv6KjYUitn6AnX/j5FFo4oGBwznncueeIJbCoOt+O0vLK6tr65mN7ObW9s5ubm+/ZqJEc6jySEa6ETADUiiookAJjVgDCwMJ9WBwPfbr96CNiNQdDmNohaynRFdwhlZq5/LVAr2ifqyjTjsVvlDUR3jANJZMQWE0oo22sCm36E5AF4k3I3kyQ6Wd+/I7EU9CUMglM6bpuTG2UqZRcAmjrJ8YiBkfsB40LVUsBNNKJ8eM6LFVOrQbafsU0on6eyJloTHDMLDJkGHfzHtj8T+vmWD3opUKFScIik8XdRNJMaLjZmhHaOAoh5YwroX9K+V9phlH21/WluDNn7xIaqWid1os3Z7ly5ezOjLkkByRE+KRc1ImN6RCqoSTR/JMXsmb8+S8OO/OxzS65MxmDsgfOJ8/mYWatA==</latexit>

H
0 = �

X

i

Xi

<latexit sha1_base64="8UYYCJH89MWB6F+eCFPUwwjfOsA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbRiyWpgh4UCl56rGA/oA1hs920S3eTsLsplNB/4sWDIl79J978N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2D+zDo5aKU0lok8Q8lp0AK8pZRJuaaU47iaRYBJy2g9HDzG+PqVQsjp70JKGewIOIhYxgbSTftuvn6B5d9lQqfIY6PvPtslNx5kCrxM1JGXI0fPur149JKmikCcdKdV0n0V6GpWaE02mplyqaYDLCA9o1NMKCKi+bXz5FZ0bpozCWpiKN5urviQwLpSYiMJ0C66Fa9mbif1431eGtl7EoSTWNyGJRmHKkYzSLAfWZpETziSGYSGZuRWSIJSbahFUyIbjLL6+SVrXiXlWqj9fl2l0eRxFO4BQuwIUbqEEdGtAEAmN4hld4szLrxXq3PhatBSufOYY/sD5/AEA0khs=</latexit>

U 0
yz =

Y

i2yz plane’

Xi

<latexit sha1_base64="KkPkS2lZ9qbBN5ZhVolgT0fvw94=">AAACHHicbVDLSgMxFM34tr6qLt0Ei9RVmbGCLhQENy4r2Ad0ypBJb9vQTGZI7oh16Ie48VfcuFDEjQvBvzF9CL4OBA7nnMvNPWEihUHX/XBmZufmFxaXlnMrq2vrG/nNrZqJU82hymMZ60bIDEihoIoCJTQSDSwKJdTD/vnIr1+DNiJWVzhIoBWxrhIdwRlaKciXq8Ug8xFuMBvcDof0lPqJjttBJqgvFP1yaCKZgqINNAIR5AtuyR2D/iXelBTIFJUg/+a3Y55GoJBLZkzTcxNsZUyj4BKGOT81kDDeZ11oWqpYBKaVjY8b0j2rtGkn1vYppGP1+0TGImMGUWiTEcOe+e2NxP+8Zoqd41YmVJIiKD5Z1EklxZiOmqJtoYGjHFjCuBb2r5T3mGYcbZ85W4L3++S/pHZQ8sqlg8vDwtnJtI4lskN2yT7xyBE5IxekQqqEkzvyQJ7Is3PvPDovzuskOuNMZ7bJDzjvnwL9oeo=</latexit>

U 0
zx =

Y

i2zx plane’

Xi

<latexit sha1_base64="eLRVLephza88vuYyyMPnNykVCKA=">AAACHHicbVBNSwMxFMz6bf1a9eglWERPZbcV9KBQ8OJRwdpCtyzZ9FVDs9kleSutS3+IF/+KFw+KePEg+G9MawWtDgSGmXm8vIlSKQx63oczNT0zOze/sFhYWl5ZXXPXNy5NkmkONZ7IRDciZkAKBTUUKKGRamBxJKEedU+Gfv0GtBGJusB+Cq2YXSnREZyhlUK3UtsN8wChh/ltbzCgxzRIddIOc0EDoei3Q1PJFOzaQCMUoVv0St4I9C/xx6RIxjgL3begnfAsBoVcMmOavpdiK2caBZcwKASZgZTxLruCpqWKxWBa+ei4Ad2xSpt2Em2fQjpSf07kLDamH0c2GTO8NpPeUPzPa2bYOWzlQqUZguJfizqZpJjQYVO0LTRwlH1LGNfC/pXya6YZR9tnwZbgT578l1yWS36lVD7fL1aPxnUskC2yTfaITw5IlZySM1IjnNyRB/JEnp1759F5cV6/olPOeGaT/ILz/gn/tKHo</latexit>

RG of paramagnet



X-cube as Gauge Theory
RG of paramagnet

Finite Depth 
Circuit

AB 
Bifurcate

⌦
<latexit sha1_base64="ovRNf7q3nyBJSILjhaQ8/mRQUgg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2WTI7Mwy0yuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6m/mtJ26s0OoRxykPEzpQIhaMopNaXY0i4bZXKvsVfw6ySoKclCFHvVf66vY1yxKukElqbSfwUwwn1KBgkk+L3czylLIRHfCOo4q6JeFkfu6UnDulT2JtXCkkc/X3xIQm1o6TyHUmFId22ZuJ/3mdDOObcCJUmiFXbLEoziRBTWa/k74wnKEcO0KZEe5WwobUUIYuoaILIVh+eZU0q5XgslJ9uCrXbvM4CnAKZ3ABAVxDDe6hDg1gMIJneIU3L/VevHfvY9G65uUzJ/AH3ucPhzmPsQ==</latexit>

Stack of 2D paramagnet 
with planar symmetry



X-cube as Gauge Theory
RG of paramagnet

Finite Depth Circuit

⌦
<latexit sha1_base64="ovRNf7q3nyBJSILjhaQ8/mRQUgg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2WTI7Mwy0yuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6m/mtJ26s0OoRxykPEzpQIhaMopNaXY0i4bZXKvsVfw6ySoKclCFHvVf66vY1yxKukElqbSfwUwwn1KBgkk+L3czylLIRHfCOo4q6JeFkfu6UnDulT2JtXCkkc/X3xIQm1o6TyHUmFId22ZuJ/3mdDOObcCJUmiFXbLEoziRBTWa/k74wnKEcO0KZEe5WwobUUIYuoaILIVh+eZU0q5XgslJ9uCrXbvM4CnAKZ3ABAVxDDe6hDg1gMIJneIU3L/VevHfvY9G65uUzJ/AH3ucPhzmPsQ==</latexit>

AB 
Bifurcate

Self 
Bifurcate

Stacks of 2D paramagnet 
with planar symmetry



X-cube as Gauge Theory

HX-cube(Lx, Ly, Lz)

Finite Depth 

Circuit

HToric Code

HX-cube(Lx, Ly, Lz + 1)

RG of X-cube

Shirley, Slagle, Wang, Chen, 2018



X-cube as Gauge Theory
RG of X-cube

Finite Depth 
Circuit

AB 
Bifurcate

⌦
<latexit sha1_base64="ovRNf7q3nyBJSILjhaQ8/mRQUgg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2WTI7Mwy0yuEkI/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6m/mtJ26s0OoRxykPEzpQIhaMopNaXY0i4bZXKvsVfw6ySoKclCFHvVf66vY1yxKukElqbSfwUwwn1KBgkk+L3czylLIRHfCOo4q6JeFkfu6UnDulT2JtXCkkc/X3xIQm1o6TyHUmFId22ZuJ/3mdDOObcCJUmiFXbLEoziRBTWa/k74wnKEcO0KZEe5WwobUUIYuoaILIVh+eZU0q5XgslJ9uCrXbvM4CnAKZ3ABAVxDDe6hDg1gMIJneIU3L/VevHfvY9G65uUzJ/AH3ucPhzmPsQ==</latexit> Stacks of 2D Toric Code

Self 
Bifurcate

Shirley, Slagle, Wang, Chen, 2018



What we learn from this
q Understand RG of fracton models by looking at 
the symmetry of the ungauged models
q When do we have ‘liquid’ topo order?
q When do fracton models self bifurcate?
q When do they AB bifurcate?
q Other RG possibilities?



When do we have ‘liquid’ topo order?

Gauge theory of global symmetry



When do fracton models self-bifurcate? 

Gauge theory of self-bifurcating symmetries: 

• stacks of planar (3D) / linear (2D) symmetries
• sufficient condition on 2D 

fractal symmetries
• 3D symmetry as tensor product of 2D self-bifurcating    

symmetries



When do fracton models  AB bifurcate? 

Gauge theory of  AB bifurcating symmetries: 
• sufficient condition on 2D fractal symmetries
• 3D symmetry as tensor product of 2D self-bifurcating    

and AB-bifurcating symmetries
• Interpretation of RG transformation of Haah’s code

Haah, 2013



Other possibilities?

Swingle, McGreevy, 2014

Yes. 3D paramagnet with linear symmetries in x, y, z 
directions. 

HA(L)⌦HB(L) = HA(2L)

HB(L)⌦HB(L)⌦HB(L)⌦HB(L) = HB(2L)
<latexit sha1_base64="oXJTent83Q8QHSmZLyi9RVAUYXs=">AAACSXicfVC7TsMwFHVaHqW8AowsFhVSWaqkIMFApQJLB4Yi0RapiYLjOq1V5yHbQaqi/h4LGxv/wMIAQkw4aQZoEVeydO455/rax40YFdIwXrRCcWl5ZbW0Vl7f2Nza1nd2uyKMOSYdHLKQ37lIEEYD0pFUMnIXcYJ8l5GeO75K9d4D4YKGwa2cRMT20TCgHsVIKsrR71vORfX6CFqhpD4RsOVcpm0Dpnw9Faxyzs1Z/m8bGVAXOHrFqBlZwUVg5qAC8mo7+rM1CHHsk0BihoTom0Yk7QRxSTEj07IVCxIhPEZD0lcwQGqrnWRJTOGhYgbQC7k6gYQZ+3MiQb4QE99VTh/JkZjXUvIvrR9L78xOaBDFkgR4tsiLGZQhTGOFA8oJlmyiAMKcqrdCPEIcYanCL6sQzPkvL4JuvWYe1+o3J5XmeR5HCeyDA1AFJjgFTdACbdABGDyCV/AOPrQn7U371L5m1oKWz+yBX1UofgO2HKqM</latexit>

HB
<latexit sha1_base64="J8m/Fu+UbqgQeImLqpHKSck/39w=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVF0CZlRPMByRH2NnPJkr29Y3dPCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWj2acoB/RgeQhZ9RY6aHWu+0VS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3VKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+xMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzUrZuyhX7i9L1ZssjjycwCmcgwdXUIUa1KEBDAbwDK/w5gjnxXl3PhatOSebOYY/cD5/ANvFjX8=</latexit>

A ‘stack’ of 1D 
paramagnet with 
linear symmetry



How general is this?

q 2D topological order: not everything is gauge theory

q 3D topological order: pretty much everything is gauge 
theory

q 3D fracton order: a large class is gauge theory; some are 
not clear


